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Uniformly Charged Sphere

Let us consider a sphere of radius ro having a uniform volume charge density of o, C/m3. To

b,
determine  everywhere, inside and outside the sphere, we construct
Gaussian surfaces ofradius r < ro and r > ro as shown in Fig. 2.6 (a) and
Fig. 2.6(b).
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For the region = ’“'é' the total enclosed charge will be
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Fig : Uniformly Charged Sphere

By applying Gauss's theorem,

Therefore



By applying Gauss's theorem,

Divergence of a Vector Field:

In study of vector fields, directed line segments, also called flux lines or streamlines,
represent field variations graphically. The intensity of the field is proportional to the density
of lines. For example, the number of flux lines passing through a unit surface Snormal to

the vector measures the vector field strength.
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Fig : Flux Lines
We have already defined flux of a vector field as
Y= lﬂcos Bz =JE &,ds = lﬁ ds
.................................................... (1.57)
For a volume enclosed by a surface,
w=?ﬁd§
......................................................................................... (1.58)

We define the divergence of a vector field %t a point P as the net outward flux from a

volume enclosing P, as the volume shrinks to zero.

- Ads
div A=V A = lim L

I Ay e (1.59)

Here £¥is the volume that encloses P and S is the corresponding closed surface.
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Let us consider a differential volume centered on point P(u,v,w) in a vector field 4 The
flux through an elementary area normal to u is given by,

Net outward flux along u can be calculated considering the two elementary surfaces
perpendicular to u .
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Considering the contribution from all six surfaces that enclose the volume, we can write
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Hence for the Cartesian, cylindrical and spherical polar coordinate system, the expressions
for
divergence cawritten as:

In Cartesian coordinates:

In cylindrical coordinates:
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and in spherical polar coordinates:
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In connection with the divergence of a vector field, the following can be noted
« Divergence of a vector field gives a scalar.
[ ] vl(ﬁ+§)=v,ﬁ+v,§ ........................................................................... (1.66)
VA=V A+ AT

Divergence theorem :
Divergence theorem states that the volume integral of the divergence of vector field isequal

to the net outward flux of the vector through the closed surface that bounds the

volume. Mathematically, JV Ay = (iiﬂ- dz

Proof:
Let us consider a volume V enclosed by a surface S . Let us subdivide the volume in large

number of cells. Let the k™ cell has a volume ‘ﬁVKand the corresponding surface is
denoted by Sk. Interior to the volume, cells have common surfaces. Outward flux through
these common surfaces from one cell becomes the inward flux for the neighboring cells.
Therefore when the total flux from these cells are considered, we actually get the net

outward flux through the surface surrounding the volume. Hence we can write:
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In the limit, that is when £ —<and 2Vx = Yne right hand of the
@[Tﬂdrf
expression ¢an bewritten as .fj.d:g“ = Jv.ﬂd;r;

Hence we get , which is the divergence theorem
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