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UNIT V LAPLACE TRANSFORM

Part – A

Problem 1 State the conditions under which Laplace transform of  f t exists

Solution:
(i)  f t must be piecewise continuous in the given closed interval  ,a b where 0a  and

(ii)  f t should be of exponential order.

Problem 2 Find (i) 3/ 2L t   (ii) at cosL e bt  

Solution:
(i) We know that
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Problem 3 Find 3sin8 cos 4 cos 4 5L t t t   

Solution:
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Problem 4 Find  ( )L f t where  
0 ; 0 2

3 ; 2
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Solution:
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Problem 5 If    L f t F s   show that   
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(OR)
State and prove change of scale property.

Solution:
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Problem 6 Does Laplace transform of
cos at

t
exist? Justify

Solution:

If  
1

( ) ( ) and ( )L f t F s f t
t

 has a limit as 0t  then  
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does not exist.

Problem 7 Using Laplace transform evaluate 3

0

sin 2tte t dt






Solution:
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Problem 8 Find
0

sin
t

u
L du

u

 
 
 


Solution:

By Transform of integrals,     
0

1
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L f x dx L f t
s
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Problem 9 Find the Laplace transform of the unit step function.

Solution:
The unit step function (Heaviside’s) is defined as

0 ;
( )

1 ;
a

t a
U t

t a


 


, where a 0
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Problem 10 Find the inverse Laplace transform of
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( )ns a

Solution:
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Problem 11 Find the inverse Laplace Transform of
 2 2
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Problem 13 Find
 

1

22

2

4 5

s
L

s s


 

 
   

.

Solution:

    
1 1

2 22 2

2 2

4 5 2 1

s s
L L

s s s

 

  
              

 
2 1

22
.......(1)

1

t s
e L

s

 
 
 
  

   
1 1

2 22 21 1s

s s
L t L ds

s s


 
 
  
   



1 2

2
1, 2

2

du
t L let u s du sds

u
   

1 1

2

t
L

u
  

  
 

1

2 2

1

2 1 s

t
L

s



  
  

 

1

2

1

2 1

t
L

s
  

  
 

sin ........(2)
2

t
t

Using (2) in (1)

 
1 2 2

22

2 1
. sin sin .
2 24 5

t ts t
L e t te t

s s

  
 

   
   



Unit. 5 Laplace Transform

7

Problem 14 Find the inverse Laplace transform of
 2
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100s s 
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dx
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  and 2 sin 2
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  given (0) 1; (0) 0x y 

Solution:
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Problem 1 Find the Laplace transform of
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Problem 4 Find 2 2 cos 2tL t e t   .
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Problem 5 Verify the initial and final value theorems for the function

   1 sin costf t e t t  

Solution: Given    1 sin costf t e t t  

    1 sin cost tL f t L e t e t   

     1 sin cost tL L e t L e t   
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s

s s s
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2
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2 4 / 2 /
2

1 2 / 2 /
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Hence initial value theorem is verified.
Final value theorem:

   0
Lt Lt
t sf t sF s 

 Lt
tLHS f t

   1 sin cos 1 0Lt t t
t e t e t e  
    

 0
Lt
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.
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Problem 7 Find the inverse Laplace transform of
   2

3

1 2 3

s

s s s



  

Solution:
    22

3
....(1)

1 2 31 2 3

s A Bs C

s s ss s s

 
 

    

    23 2 3 1s A s s Bs c s      

Put 1s  
2=2A
A = 1

Equating the coefficients of 2s
0 = A+B B = -1

Put s = 0
3 = 3A+C

C = 0

 
   22

3 1
1

1 2 31 2 3

s s

s s ss s s


  

    

 
2

1

1 1 2

s

s s
 

  

   
2 2

1 1 1

1 1 2 1 2

s

s s s


  

    

       
1 1 1 1

2 22

3 1 1 1

11 2 3 1 2 1 2

s s
L L L L

ss s s s s

   
       
                         

1 1

2 2 2

1

2 2
t t ts

e e L e L
s s

       
         

cos 2 sin 2t t te e t e t    
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s
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1
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log

1

s
L

s
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s
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ds
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1
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1
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s
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.....(2)
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Using (2) in (1)
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Problem 9 Using convolution theorem find
 

1

22 2

s
L

s a


 
 
  

Solution:

       1 1 1*L F s G s L F s L G s            

 
1 1 1

2 2 2 2 22 2

1
*

s s
L L L

s a s as a

  
 

                

1 1

2 2 2 2

1
*

s a
L L

s a a s a
    

        
1

cosat* sin at
a



 
1

cos at*sin at
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0

1
cos a sin

t

u a t u du
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0

1
sin at cosa

t

au u du
a

 

   

0

sin at sin at1

2

t au au au au
du
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0

1
sin at sin 2

2

t

a t u du
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0

cos 21
sin at

2 2

t
a t u

u
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1 cos at cos at
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2 2 2
t

a a a
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.

2

t
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Problem 10 Find the Laplace inverse of
   2

1

1 9s s 
using convolution theorem.

Solution:

       1 1 1. *L F s G s L F s L G s            

       
1 1

2 2

1 1 1
.

11 9 9
L L

ss s s
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1 1

2

1 1
*

1 9
L L

s s

 
  
   

     
1

* sin 3
3

te t

 
0

1
sin 3

3

t
ue t u du   

 
0

1
sin 3 3

3

t
ue t u du 

 
0

1
sin 3 cos3 cos3 sin 3

3

t
ue t u t u du 

0 0

1 1
sin 3 cos3 cos3 sin 3

3 3

t t
u ut e u du t e u du   

   
0 0

sin 3 cos3
cos3 3sin 3 sin 3 3cos3

3 10 3 10

t tu ut e t e
u u u u

    
        

   

   
sin 3 1

cos3 3sin 3 1
3 10 10

ut e
t t

 
     

 

   
sin 3 1

sin 3 3cos3 3
3 10 10

ut e
t t

 
     

 

Problem 11 Find
  

2
1

2 2 2 2

s
L

s a s b


 
 

   

using convolution theorem

Solution:

       1 1 1. *L F s G s L F s L G s            

1 1 1

2 2 2 2 2 2 2 2
. *

s s s s
L L L

s a s b s a s b
       

             

   

0

sin sin1

2

t

a b u bt a b u bt

a b a b

            
   

   sin sin1 sin sin

2

at bt bt at bt bt bt bt

a b a b a b a b

    
    

    

1 sin sin sin sin

2

at at bt bt

a b a b a b a b

 
        

2 2 2 2

1 2 sin 2 sin

2

a at b bt

a b a b
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2 2

1 2 sin 2 sin

2

a at b bt

a b

 
   

2 2

sin sin
.

a at b bt

a b






Problem 12 Using convolution theorem find the inverse Laplace transform of

 
22 2

1

s a
.

Solution:

       1 1 1. *L F s G s L F s L G s            

 
1 1 1

2 2 2 2 22 2

1 1 1
*L L L

s a s as a

  
 

                

sin at sin at
*

a a


 2

0

1
sin sin

t

au a t u du
a

 

     2

0

1
cos 2 at cosat 2sin sin cos cos

2

t

au du A B A B A B
a

             

 
 2

0

sin 2 at1
cosat

2 2

t
au

u
a a

 
  

 

2

1 sin at sin at
cos at

2 2 2
t

a a a

   
     

  

2

1 2sin at
cos at

2 2
t

a a

 
   

 3

1
sin at cos at

2
at

a
 

Problem 13 Solve the equation    9 cos 2 ; 0 1and / 2 1y y t y y      

Solution:
Given 9 cos 2y y t  

     9 cos 2L y t y t L t    

     9 cos 2L y t L y t L t        

       2

2
0 0 9

4

s
s L y t sy y L y t

s
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As  0y is not given, it will be assumed as a constant, which will be evaluated at the

end.  0 .y A 

  2

2
9

4

s
L y t s s A

s
         

  2

2
9

4

s
L y t s s A

s
         

 
   2 22 2

.
9 94 9

s s A
L y t

s ss s
       

   2 22 2
Consider

4 94 9

s As B Cs D

s ss s

 
 

  

     2 29 4s As B s Cs B s     

 3 2 3 29 9 4 1 4As As Bs B Cs s s       

Equating coefficient of 3s A + C = 0 …….(1)

Equating coefficient of 2s B + D = 0 …….(2)
Equating coefficient of s 9A+ 4C = 1 …….(3)
Equating coefficient of constant 9B +4D = 0 …….(4)
Solving (1) & (3)

4 4 0A C 
9 4 1

5 1

A C

A

   

  
1

5
A 

1
0

5
C 

1

5
C  

Solving (2) & (4)
9 9 0B D 
9 0

0

B AD

D

 


0& 0B D   .

    22 2 2

1

5 44 9 5 9

s s s

ss s s
  

  

  2 2 2 2

1

5 4 9 9 4

s s s A
L y t

s s s s

 
             

 
1 1

cos 2 cos3 cos3 sin 3
5 5 3

A
y t t t t t    

1 4
cos 2 cos3 sin 3

5 5 3

A
t t t  
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Given 1
2

y
 

  
 

1
1

5 5

A
   

12

5
A 

 
1 4 4

cos 2 cos3 sin 3
5 5 5

y t t t t   

Problem 14 Using Laplace transform solve
2

2

3
2 4

d y dy
y

dx dx
   given that

   0 2, 0 3y y 

Solution:

       3 2 4L y t L y t L y t L             

           2 4
0 0 3 3 0 2

5
s L y t sy y sL y t y L y t               

   2 4
3 2 2 3 6s s L y t s

s
       

   2 4
3 2 2 3s s L y t s

s
      

 
 

2

2

2 3 4

3 2

s s
L f t

s s s

 
  

 

 
   

22 3 4

1 2

s s
L f t

s s s

 
    

      22 3 4 1 2 2 1s s A s s Bs s Cs s        

Put s = 0 4 = 2A => A = 2

s = 1 3 3B B    

2 6 2 3s c C   

 
2 3 3

1 2
L y t

s s s
       

  22 3 3t ty t e e  

Problem 15 Solve sin ; cos
dx dy

y t x t
dy dt

   with 2x  and 0y  when 0t 

Solution:
Given     sinx t y t t  

   

22 3 4

1 2 1 2

s s A B C

s s s s s s

 
  

   



Unit. 5 Laplace Transform

20

    cosx t y t t 

     sinL x t L y t L t        

      2

1
0

1
sL x t x L y t

s
          

    2

1
2.........(1)

1
sL x t L y t

s
         

     cos 2L x t L y t L t       

      2

1
0 ....(2)

1
L x t sL y t y

s
          

Solving (1) & (2)

   
2

2

2

1
1 2

1

s
s L y t

s


     

   
2 2

2

2

2 2 1
1

1

s s
s L y t

s

  
    

 
  

2

2 2

2 3

1 1

s
L y t

s s


  

 

  

2

2 22 2

3

1 11 1

s As B Cs D

s ss s

  
 

  

     2 2 23 1 1s As B s Cs D s      

Equating 3s on both sides
0 0A C put s   

3A c B D  

0A  0C 

Equating 2s on both sides
1 2B D D   

1B 
Equation son both sides 0 = A + B

  1 1

2 2

1 1
2

1 1
y t L L

s s
    

         
sin 2sinht t 

To find  x t we have     cosx t y t t  ,    cosx t t y t  ,   sin 2sinhy t t t 

cos 2cosh
dy

t t
dt

 

  cos cos 2coshx t t t t  

2cosh t

Hence   2coshx t t

  sin 2sinhy t t t 


