Unit. 5 Laplace Transform

UNIT V LAPLACE TRANSFORM
Part — A

Problem 1 State the conditions under which Laplace transform of f (t) exists
Solution:
(i) f (t) must be piecewise continuous in the given closed interval [a,b]where a>0and

(i) f(t)should be of exponential order.

Problem 2 Find (i) L[t**](ii) L|e™ cosbt |

Solution:
(1) We know that
L[t”] _ I(n+1)

n+1

S

i)
L[ e cosht |=[ L (cosht)]

e
- 82+b2 S—>s+a
L
(s+a)’ +b?
Problem 3 Find L|sin8tcos4t +cos®4t+5|
Solution:
L[ sin8tcos4t +cos’ 4t +5 | = L[sin8t cos4t]+ L cos’ 4t |+ L[5]

sin12t +sin4t sin(A+B)+sin(A—B)}
2 2

S—>Ss+a

L[sin8t+cos4t]:L[ } [-.-sinAcosB=

1
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=%{L[sin12t]+ L(sin4t)}

=

{ 12 4 }

== +

2(s°+144 $*+16

]: L{c0512t+3cos4t}[-‘_ ot g - 90530 +3c059}

L [0033 4t
4 4

=={L(cos12t)+3L (cos4t)}

1{ s 3s }
== +
4| S +144 $*+16

L[s]:sL[l]:s[ﬂzg.

L[sin8tcos4t+00534t+5]=i{ 212 + 24 }+l{ Sy 233 }+§_
2(s"+144 s°+16) 4(s°+144 s°+16) s

EE N

0O ;when O<t<?2

Problem4 Find L{f(t)} wheref(t):{3 when  t52

Solution:
W.K.T L[ f (t)]::‘fe’s‘f (t)dt

Ot Ot=—3N

e f (t)dt+[e™f (t)dt
2

e *0.dt + I e *3dt
2

0 e,g @©
= 3j e Sdt = 3[—}
2 -S|,

0 —2S —2S
_ {e e } _3®
-s s

|
T
7\
| »
N—

Problem 51f L[ f(t)]=F(s) show that L{f (at)}=

(OR)
State and prove change of scale property.
Solution:

W.K.T L{f(t)} :Te’s‘f (t) dt
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2]967St
0
Put at=x whent=0, x=0
adt=dx when t =00, X=00

at)}z]ge_{:]f x) &
==[e o'y (t)dt [+ xisadummy variable]
b

Problem 6 Does Laplace transform of cos
Solution:

A oxist? dustify

If L{f() = F(s)and f (t) has alimit ast — O then L{f(t)} TF s) ds

Here T, cosat _1_
t 0
L {co;sat} does not exist.

Problem 7 Using L aplace transform evaluate J'te‘3t sin2tdt

Solution:
W.K.T L{f(t)}:Teﬂf (t)dt

0

etsn2tdt = L[ tsin2t }

1 o'—.8

B _disL(SinZt)} {_%(3224)}
L s=3 s=3
—4s
= — 3 >
(S +4) .
|| 2 _12
(2 +4) 169
L Js=3
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Problem 8 Find L{jsnudu}

0 u
Solution:
1

t
By Transform of integrals, L[I f(x) dx} = L{f(t)}
0

DS‘“U } {%}:%[L[gnt]ds:asilds

= é[tan‘1 s]s :é{% —tan™ s}

=Ecot’1s
s

Problem 9 Find the Laplace transform of the unit step function.

Solution:
The unit step function (Heaviside' s) is defined as

Ua(t):{o ! t<a,where a>0

1; t>a

W.K.T L{f(t)}:Te’S‘ f(t)dt
L{U,(®)} TeS‘U

e*(0) dt+.[e’St

Problem 10 Find the inverse Laplace transform of sra)
s+a

Solution:
L(t") =

n+1
S
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n1 (n—l!
L(t 5

&) [(n 1)'} (n-2)!

3 (s+ a)"

S

o
Sy Lsfa)“]

Y R A S
..L{(Ha)n]_(n_l)! t

Problem 11 Find the inverse Laplace Transform of

s(s”+a’)

Solution:

= é[l— cosat].

Problem 12 Find L —>
(s+2)
Solution:

- S =) d -1
L Ls+2)2]=|_ [sF(s)]:a LH[F(s)]




Unit. 5 Laplace Transform

Where F(S)=(3+12)2 ’ L[tn]z n!

L' [F(s)]= Ll{(squlz)z} L(t)=
L[F(]-em | 5] ee
- { (sfz)z } ) %[e_a t=t(-2e%)re”

L_{ > }:e‘” (1-2t)

(s+2)?°

mml =

Problem 13 FindL?| — 32 |,
(sz+4s+5)

Solution:

L LZ =t LZ
(SZ +4S+5)2 ((S+ 2)2 +1)2

Using (2) in (1)

L—1 LZZ ze‘z‘.lsintzite‘”sint_
(sz+4s+5) 2 2
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Problem 14  Find the inverse Laplace transform of _ 10
s(s* +100)

Solution:

Consider 100 A Bs

s(s® +1oo) s’ 1100
100= A(s” +100) +(Bs+C)(s)
Puts=0, 100 = A(100)

A=1

s=1, 100=A(10)+B+C
B+C=-1

Equating s*term

0=A+B

=B=-1

~B+C=-1lie, -1+C=-1
C=0

sl 100 | af1 s
| 5(s? +100) s s°+100

4|1 _ S
=L1__L1 >
S s°+100

=1-cos10t

Problem 15 Solve %—Zy:cosm and %+2x:sin2t given x(0)=1; y(0)=0
y

Solution:

X' —2y = cos2t

y'+2x=sin2t given x(0)=1 y(0)=0

Taking Laplace Transform we get

[sL(x)—x(0)|-2L[y]=L[cos2t] =

s +4
-'-S'-[X]—ZL[y]=SZS+4+1 .......... 6
[s(y) —y(O)]+2L [= Llsin2] =52
2L [+ sLy] =5 gD
(1)x2-5x(2) gives
(L= 51,
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2
ny=-L"
y [ s?+ 4}

=-sin2t

2x:sin2t—Q
dt

=sin2t+2cos2t
x:c032t+%sin2t

Part-B

t .
Problem 1 Find the Laplace transform of e‘tJ'S'Tntdt
0

Solution:

s—s+l

L{e‘j%dt} = Fcotl(s)}

Problem 2 Find J'te’2t sin3t dt using Laplace transforms.
0

3

Solution: L(sin3t)=—
s"+9
L[tsinst]z—i( 1 j: bs
ds\s"+9 (SZ+9)
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[e (tsin3t)dt=L[tsin3] ( by definition)
0

_ 6s
(sz+9)2
e, Tte‘s‘sin3tdt: 6s >
0 (SZ+9)

Putting s=2we get J.te’2t sin3tdt _ L2

sin5t

t
Problem 3  Find the Laplace transform of t.|.te’4t cos3t dt + dt

Solution:
L [tie‘“ cos3t dt} = _di Lﬁe‘“ cos3t dt}
0 S 0
d| 1 _
_ _g[S[L(e a cosSt)ﬂ
= d [L cos )]s—>s+4:l

__i E( s j
ds| s\s°+9)_ ..,

B 1 s+4
s(s+4)*+9

_dj1
ds
d

1 (st+4) }

S (s*+8s+25)

s+4 }
s®+8s% + 25s

ds
da
ds

_(53 +85” +255) (1) - (s+4)(3s’ +165+ 25)
(s°+88°+ 253)2

s’ +8s + 255 3s® +165° — 255—125 — 64s—100
(33 +88% + 253)2

| —25° - 205’ —645-100
T 3 2 2
(s +85 + 255)
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5 s*+10s* +32s+50
(33 +88% + 253)2

t . t .
L{t.[e‘“ cosStdt+S'rt‘5t}: L{tJ‘e“‘ COS3tdt}+ I{sr:&}
0 0

2(s’+10s’ +32s+50) (s
= >—+cot (—]
(s°+8s+25s) 5

Problem4 Find L[tze2t cosZt]
Solution:

L [tzeZt cosZt]

2
(-1)° % L[e2t cos”]

d_( s ]
dsz L SZ+4 S—>s-2

@ s-2
ds’|((s-2) +4
_d*[ s-2 }

T ds?| - 4s+8

d {(Sz—4S+8)(1)—(s—2)(23—4)]

10
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d|s’—4s+8-2s* +4s+ 4s—8}

ds| (s,z—4s+8)2
:i— —s° +4s
ds| (s*—4s+ 8)2

B (52 —45+8)(-2s+4) (" +4s)2(s° —4s+8)(25—4)

(s —4s+ 8)4

(- 4s+8)(-25+4)— (5" +4s)(25-4)

- (s*—4s+ 8)3

_ -25° +85° —165+45° —165+ 32+ 45’ -85 —165° + 32s
(s —4s+ 8)3

_ 25° -125* +32
(sz—4s+8)3 '

Problem 5 Verify theinitial and final value theorems for the function
f(t)=1+e"(sint+cost)
Solution: Given f (t)=1+e™(sint+cost)
L{f(t)}=L{1+e"sint+e" cost}

=L(1)+L(e"sint)+L(e" cost)

1 1 s+1
==t PR 2

S (s+1) +1 (s+1)°+1
21 S+2

s (s+1)°+1

Initid value theorem:
tL;O f (t) :Is_t—m: SF (S)
LHS={, | 1+e" (sint+cost) | =1+1=2

t—0

RHS=Y , sF(s)

S—0

Lt 1 S+2
Zee S| =t/ —
L (s+1) +1]

T s’ +2s
s S +25+2

11
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i [232 +4s+ 2}

S°+2s5+2
L | 2+4ls+2/s7 |
%1 142/ s+ 2/ &
LHS = RHS

Henceinitia value theoremisverified.
Final value theorem:
G F(1)=550 SF(S)
LHS :;w (1)
= (1+e sint+e cost) 1 ('.'e"”:o)

RHS=1 sF ()

T s-0

R 1 s+1
=S| =+ —+ -
S (s+1)"+1 (s+1)°+1

s +2s

N T e
Sﬁ{ (s+1)2+1]

LHS=RHS
Hence fina value theorem is verified.

Problem6 Find L {Iog(ssﬂﬂ.

Solution:
L*[F(s)]= —%L‘l[F’(S)] ....... )

" (s)-tog |

s
F'(s):%log[(sz+1)—|og(sz)]
RS
P41 &
1 1 2s 2s
- [F ] - [s +1 s}
:2|_-1[ S _l}
$+1 s
= 2[cost -1]

Pog(sglﬂ :—%Z[c:ost—l]

12
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_ 2(1-cost)
-

s+3
(s+1)(s2 +2s+ 3)

(1)

Problem 7 Find the inverse Laplace transform of

s+3 _ A N Bs+C
(s+1)(sz+23+3) s+1 s2+2s+3°"
s+3:A(sz+23+3)+(Bs+c)(s+1)
Put s=-1
2=2A
A=1
Equating the coefficients of s°
0=A+B =B=-1

Solution:

Puts=0
3=3A+C
C=0
S+3 1 S
1) = = -
@ (s+1)(s”+2s+3) s+1 s*+2s+3
1 S
s+1 (s+1)2+2
1 s+1 1

TSl 2 5 2
(s+1) +2 (s+1) +2

1 s+3 a1 e s+1 e 1
- Ls+1)(sz+23+3)]|_ [STJ ) {(s+1)2+2] ) {(s+1)2+2}

S 1
—e'—eg'L? +e'L?
Lﬂz} [32+22}

—e'—e'cosy2t +etsiny2t

—e! [1— cos«/z+sin\/§t}

Problem 8 Find L{slog(ilj+2}
s+1

Solution:
L‘{slog@%i} 2} =f(t)
L f(Y)]= slog(z%ﬂ+ 2

=slog(s—1)-slog(s+1)+2

13
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L{tf(t)}= —%[slog(s—l)—slog(s+1)+ 2]

S_

:{Iog(s-lj+ S(s+1)—s(s—1)}

s+1 s°-1
(s—lj s°+s—5°+s
=log - 5
s+1 s -1
(s+1j 25
=log| — 5
s —

tf(t)=L {Iog s+l }

{ (S”ﬂ 2cosht....(1)
Tofind Ll[log(z%iﬂ
a0l
L1 (0] tog[ 5
L1} =% log(s+1)-log(s-1)]

112
s—1 s+1 s°-1

t f(t)= 2"{321—1} = 2sinht

:_[ilﬂog(s—l)—s%l—mg(ﬁ'l)}

Using (2) i_n QD
t (t) = 2sinht

f(t)=

—2cosht

Zsinht_Zcosht
t? t
[sinht—tcosht}
= 2 t—2 .

14
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Problem 9 Using convolution theorem find L{

Solution:
L'[F(s)6(s)]= L [F(9)]*L*[6(s)]

_ S _ S _ 1
L ) \2 :Ll[z 2}”—1[2 2}
(s +a) s’ +a s'+a

S 1 a
fote) el
[sz+a2} a |s+a’

1.
=cosa*—snat
a

=1[cosat*sinat]
a
11
== [cosausina(t—u)du
aO
1t
:_Isn(at—au)cosaudu
aO

du

ljsin(at—au+au)+sin(at—au—au)
ag 2

=2—2j[sinat+sina(t—2u)]du
0

1 {(Smat)u_ cosa(t—zu)}t

" 2a _2a
:i tsinat+ cosat_cosat
2a 2a 2a
_tsinat

2a

Problem 10 Find the Laplace inverse of

Solution:

L[F(s)6(s)] - L*[F (9] L*[6(9)]

1 1 1 1 1
- {(s+1)(52+9)} . {(s+1)'(52+9)]

15

(S+1)(Sz+9)

using convolution theorem.
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B L_{(sil)} Ll[(szig)}

:é*lgn&
3

t
=%J‘e‘” sin[ 3(t—u)]du
0
1t
=§Ie’”§n(3t—3u)du
0
t
=%J‘e‘“ [sin3t cos3u—cos3tsin3u] du
0

t t
=Esin3t.|'e‘u cos3u du—icos:%t.[e‘“sinSU du
3 0 3 0

. -y t U t
_sndje (—cos3u+3sin3u) _GosH) & (-sin3u—3cos3u)
3 |10 . 3 |10 .
_sSndt e (—cos3t+35in3t)—i(—1)
3 |10 10
_SN3 € §n3t-3cos3t) - (-3)
3 |10 10

2

(s°+a®)(s*+b?)

Problem 11 Find L{ ]usi ng convolution theorem

Solution:

L[F(9)6(5)]= L [F () L6 (5)]

s s ]_|af s }*Ll{ S }
[sz+a2 sz+b2} L,2+a2 s +b?

_sin[(a—b)u+bt]+sin[(a+b)u—bt]}t
a-b a+b .

[

sin(at—bt+bt) sin(at+bt—bt) sinbt +sinbt}

i a-b " a+b a-b a+b
_sinat+sinat_sinbt+sinbt}

| a-b a+b a-b a+b

[2asinat  2bsinbt

a-b? az—bz}

NIFR NP NIR N

16
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_E{Zasinat—stinbt}

2 a’-b?
asinat —bsnbt
B a’-b?

Problem 12 Using convolution theorem find the inverse Laplace transform of
1

(s2 +a2)2 .
Solution:

L[F(s)6(s)]= L [F ()] L [6(s)]

i el el
s+a) s’+a s'+a

_sinat, sinat

a a

t
:éfsinausina(t—u)du
0

- Z_;Zj[cos(Zau —at)—cosat |du [ 2sinAsinB=cos(A-B)—cos(A+B)]
0

1 [sin(2au-at) t

= o —(cosat)u}0

_ 1 _s;at —tcosat—(_smatﬂ

=§[sinat— at cosat |
Problem 13 Solve the equation y”+9y = cos2t; y(0)=1andy(z/2)=-1

Solution:
Given y"+9y=cos2t

L[y"(t)+9y(t)]=L[cos2t]
L[y"(t)]+9L[ y(t)]=L[cos2t]

[SLy(1)]-5(0)- ¥ (0)]+oL[y(1)] =

s
s +4

17
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As y'(0)is not given, it will be assumed as a constant, which will be evaluated at the

end. ..y

LLy()]= (s,2+4)szsz+9)+ 249 $+49

Consider S _ As+B Cs+D

(52+4)(52+9) 214 £19
s=(As+B)(s*+9)+(Cs+B)(s* +4)
= AS’ +9As+Bs* +9B+Cs’ +4(s+1)s* +4

Equating coefficient of s’ A+C=0....... @)
Equating coefficient of s B+D=0....... )
Equating coefficient of s 9A+4C=1....... 3

Equating coefficient of constant 9B +4D=0....... (4)
Solving (1) & (3)
4A+4C=0
—9A+4C=-1
-5A=-1
A==
5
}+C:O
5
c=-1
5
Solving (2) & (4)
9B+9D =0
9B+ AD =0
D=0
..B=0&D=0.
S 1 s S

(
. 1 s s
"L[y(t)]_5{32+4 sz+9}+32+9+52+4

~y(t) =%0032t—%c053t+c053t +§sin3t

:Eco32t+ﬂcos3t+ésin3t
5 5 3

18
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. T
Given —|=-1
y(zj

- 1 A
5 5
L A=
5

y(t)=£0032t+f0053t+ﬂsin3t
5 5 5

2
Problem 14 Using Laplace transform solve M—ﬂ+2y=4given

dx*  dx
y(0)=2, y'(0)=3
Solution:
LLy"(t)]-3L[y'(t)]+2L y(t)]=L[4]
SZL[y(t)]—sy(O)—y’(O)—3sL[y(t)]+3y(0)+2L[y(t)]:g

(s*-3s+2) L[y(t)]—25—3+6=g

(s*-3s+2)Ly(t)]= i;+ 2s-3

SRICIE

25’ —3s+4
3(52—35+ 2)

28°-3s+4 A B C

s(s-1)(s-2) s s 1 s 2
2s*-3s+4=A(s-1)(s-2)+Bs(s—2)+Cs(s-1)

Puts=0 4=2A=> A=2
s=1 3=-B=>B=-3
s=2 6=2c=> C=3
2 3 3
AL y() =S —+ =
[y( )] S s—1+s—2
y(t)=2-3¢" +3¢*

Problem 15 Solve %+ y=sint; x+%cost with x=2 and y=0whent=0
y

Solution:
Given X'(t)+y(t)=sint

19

that
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X(t)+y'(t)=cost

L[X ()] +L[y(t)]=L[sint]
SL[x(1)]-x(0)+ L[y (1)] -
SL[x(0)]+ L[y(t)]= o

s+1
L[ x(t) ]+ L[ y'(t)]=L[cos2t]
L[x(t)J+sL[y(t)]-=¥(0)=
Solving (1) & (2)
(1-s°)L[y(1)]= 2+i2_fl
(-9 y(e)]= 220
25" +3

LLy(t)] “Fee)

$+3  As+B Cs+D
(sz+1)(1—32)_ 211 1-9
s’ +3=(As+B)(1-5")+(Cs+D)(s*+1)
Equating s’ on both sides

1
s +1

+ 2. ()]

1
21

(2)

0=-A+C puts=0
A=c 3=B+D
A=0C=0

Equating s”on both sides
1=-B+D D=2
B=1

Equation son both sidesO=A + B

_ 1 _ 1
=y(1)= Ll[sz+1}_2|_l[sz+l}

=sint-2sinht
Tofind x(t)wehave x(t)+y'(t)=cost, x(t)=cost—y'(t), y(t)=sint—2sinht

Q = cost — 2cosht
dt

X(t) = cost — cost + 2cosht
= 2cosht

Hence x(t)=2cosht

y(t)=sint—2sinht

20



