FINITE DIFFERENCES OPERATORS

For a function y=f(x), it is given that vy,,y,,..,y, are the values of the variable y
corresponding to the equidistant arguments, X, X,,..., X, , where
X =% +h,X% =% +2h, x;=% +3h,...,x, =% +nh. In this case, even though Lagrange and
divided difference interpolation polynomials can be used for interpolation, some simpler
interpolation formulas can be derived. For this, we have to be familiar with some finite
difference operators and finite differences, which were introduced by Sir Isaac Newton.
Finite differences deal with the changes that take place in the value of a function f(x) due
to finite changes in x. Finite difference operators include, forward difference operator,
backward difference operator, shift operator, central difference operator and mean
operator.

e Forward difference operator (A):

For the values vy,,y,,...,y, of a function y=f(x), for the equidistant values x;,x,%,,...,X,,
where x = x, + h,X, = X, + 2h, X, =X, +3h,..,X, =%, + nh, the forward difference operator A is

defined on the function f(x) as,
A (%)= f(x+h)=F(x)=f (%)~ (%)
That is,
N =Ya—Y
Then, in particular

Af (%) =T (% +h)=1(%)="1(x)-f(x)
= AYo=Y1— Yo

Af(x)=f(x+h)=f(x)="f(x)-f(x)
= Ay, =Y,-Y,

AY,,AY,,...,AY,,... are known as the first forward differences.

The second forward differences are defined as,
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A*F(x)=A[AF (x)]=A[ (% +h)= T (x)]
= Af (% +h)-Af (x)
= £(x +2h)—f (x +h)=[ f(x +h)~f (x)]
=f(x+2h)-2f(x +h)+ f(x)
= Y2 = 2Yiu + Y,

In particular,
AT (%)=Y, =2y, +Y, Or Ayy=Y, =2y, +Y,
The third forward differences are,
3
81 ()= 4[a21(x)

= fg+2h)-21 (i ()
= Y43 2t i Y

In particular,
AF(%)=Y;=3Y,+3y,—Y, or A’Yy=Yy,-3y,+3y,—Y,
In general the nth forward difference,
AT (x)=ATH (X +h) - AT ()
The differences Ay,,A’y,,A%,....are called the leading differences.

Forward differences can be written in a tabular form as follows:

X y Ay A%y A%y
% Yo =f(%)
AYo = Y1 = Yo
X v = f(x) A%y, = Ay, — Ay,
AY, =Y, — Y A*y, =A%y, - A%y,
X, Y, = f(x) A%y, = Ay, - Ay,
AY, = Y5 =Y,
% Ys = f(x)
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Example Construct the forward difference table for the following x values and its
corresponding f values.

x 0.1 0.3 0.5 0.7 09 1.1 1.3

f 0.003 0.067 0.148 0.248 0.370 0.518 0.697

x  f Af  Nf Nf A NS

0.1 0.003
0.064
0.3 0.067 0.017
0.081 0.002
0.5 0.148 0.019 0.001
0.100 0.003 0.000
0.7 0.248 0.022 0.001
0.122 0.004 0.000
0.9 0.370 0.026 0.001
0.148 0.005
1.1 0.518 0.031
0.179
1.3 0.697
Example Construct the forward difference table, where f(x) = %, x =1(0.2)2, 4D.
Af A%f
f0== g
x X irst  second Nf ASF ASf
differe differe
nce nce
1.0  1.000
-0.1667
1.2 0.8333 0.0477
-0.1190 -0.0180
14 0.7143 0.0297 0.0082  -0.0045
-0.0893 -0.0098
1.6 0.6250 0.0199 0.0037
-0.0694 -0.0061
1.8 0.5556 0.0138
-0.0556

2.0 0.5000
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Example Construct the forward difference table for the data

x:-2 0 2 4
y=Ff(xX): 4 9 17 22

The forward difference table is as follows:

X y=f(x) Ay A%y A%y
-2 4
Ay, =5
0 9 A?y,=3
Ay, =8 A%y, =-6
2 17 AZy,=3
Ay, =5
4 22

Properties of Forward difference operator (A ):
(i) Forward difference of a constant function is zero.
Proof: Consider the constant function f(x)=k
Then, AF(X) = f(x+h)— f(x)=k—k=0
(ii) For the functions f(x) and g(x); A(f(X)+g(x))=Af (x)+Ag(x)
Proof: By definition,

A(F()+9(x)=A((f +9)(x)
=(f +g)(x+h)-(f +9)(x)
= f(x+h)+g(x+h)—(f(x)+9(x))
=f(x+h)— f(X)+g(x+h)—g(x)
= Af (X) + Ag(X)

(iii)Proceeding as in (ii), for the constants a and b,
A(af (X) +bg(x)) = aAf (X) + bAg(x).
(iv)Forward difference of the product of two functions is given by,

A( f (x)g(x)) = f (x+ h)Ag(X) + g(X)Af (X)
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Proof:

A(T(x)9(x)=A((f9)(¥)
= (fg)(x+h) - (fg)(¥)
= f (x+h)g(x+h) - f () g(x)

Adding and subtracting f(x+h)g(x), the above gives
A( f (x)g(x)) = f(x+h)g(x+h)— f(x+h)g(x) + f(x+h)g(x)— f(X)g(x)

= f(x+h)[g(x+h)—g(¥)]+gX)[ f (x+h) - f(x)]
= f (x+h)Ag(X) + g(X)Af (X)

Note : Adding and subtracting g(x+h) f (x)instead of f (x+h)g(x) , it can also be
proved that

A(F(X)9(x)) = g(x+h)Af (x) + f (X)Ag(X)

(v) Forward difference of the quotient of two functions is given by

A( f(x)Jz g(x)Af (x) - f(X)Ag(X)
a(x) g(x+h)g(x)

Proof:

90 ) g(x+h) g(¥)
_ f(x+h)g(x) - f(X)g(x+h)
- g(x+h)g(x)
_ F(x+h)g(x) - F(¥)g(x) + f (¥)9(x) - f (x)9(x+h)
g(x+h)g(x)

A( f(x)j_ f(x+h) (%)

_9O[f (x+h)— F ()] F)[g(x+h) - g(¥)]
g(x+h)g(x)

_ 9(9AT () ~ f(¥)Ag(X)
9(x+h)g(x)

Following are some results on forward differences:

Result 1: The nth forward difference of a polynomial of degree n is constant when the
values of the independent variable are at equal intervals.


Rectangle

Rectangle


Result 2: If n is an integer,
f(a+nh) = f (@) + "CAf (a) + "C,A%f (@) + - +A"f (a)
for the polynomial f(x) in x.

Forward Difference Table

x f A Nf ONf A A A

xo  fo
x1 i A Ao
Ao
x2 2 A A A*fo
A, A%
3o fi A A N3 A A Afo
xs fa A A " i A 1
xs s Mo A »
Afs
X6 fo

Example Express A?fyand A%f, in terms of the values of the function f.

2
A%t = Afy —Afg = fo — T = (fy - fg)= o —2f; + g

3. 2. 2
A3t = A% - A% fg = Af, — Afy - (af) - Afg)

=(f3= ) (T2~ ) =(f2= )+ (1~ To)

=f,—3f +3f1—f

3 2 0

In general,

At = Nc ¢
n

n n n
0 C.f - C,f +..+(-D fO .

1'"-1" ~“2'h-27 “3'h-3

If we write y, to denote f; the above results takes the following forms:
2, _
ATYyg=Yo—2y1+Yg
3, _
A”Yg =Y3-3y2+3y1 - ¥

n n n n n
AYo=Yn=Cr¥n-1t Co ¥n_o= C3¥q_3+ - - +(=D) ' yg
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Example Show that the value of y, can be expressed in terms of the leading value yo

and the leading differences Ay, A2 Yo - - - AN Yo-
Solution

(For notational convenience, we treat i, as f, and so on.)

From the forward difference table we have

Afy=f,—f, or f =f,+Af,
Ay =1f,—f, or f,=f +Af,
Af,=f,—f, or f,=f,+Af,

and so on. Similarly,

A*f, = Af - Af, or Af = Af, + AT,
A’ =Af, —Af, or Af, =Af +A%f,

and so on. Similarly, we can write

A f, = AP f, —A*f, or Af =A%, + A%,
A*f, = A%F,—Af, or A?f,=A%f + A%

and so on. Also, we can write f, as

f,=(f,+Afy)+(Af, + A% f,)
= f, + 2Af, + A*f,
=(1+A)* f,

Hence
f,=f,+Af,

=(f,+Af))+ Afy + 2A% £ + A%,

= fg +3Afg +3A% fg + A3,

=(1+A) f,
That is, we can symbolically write

fi=(1+A)fg, fo=1+A)fg, f3=(1+A)3 .
Continuing this procedure, we can show, in general
f,=@+A)" fg.

Using binomial expansion, the above is
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fn = fo + nC1Af0+nC2A2 fo + ... +An fo

Thus

f, =Zn: "C A'f,.
i=0

Backward Difference Operator

For the values vy,,y,,...,y, of a function y=f(x), for the equidistant values x,,x,...,x,, where
X, =X +h,x, =% +2h, x,=%,+3h,...,x, = %, + nh, the backward difference operator V is defined
on the function f(x) as,

VE(%)=F(X)= (6 =h)=¥ - ¥,
which is the first backward difference.
In particular, we have the first backward differences,
VE(%) =Y.~ Yo VE() =Y, — ¥, €ic
The second backward difference is given by
V(%) =V(Vf(x))=V[ f(x)- f(x —h)]=Vf(x)-Vf(x-h)
=[F(x)= FOx=h)J=[f(x ~h) - f(x-2h)]

=(¥i = ¥ia) = (Vs = ¥i2)
=Y _2yi—1+ Y2

Similarly, the third backward difference, V*f(x )=y, -3y, +3y_,—-Y_, andsoon.

Backward differences can be written in a tabular form as follows:

Y Vy vy Viy

X
%, Yo =f(%)

VY=Y - Yo
X y, = f(%) Vi, =Vy, - Vy,

VY, =Y, -V, Viy, =V, ~V?y,
X, ¥, = F(%) Viy, =Vy, ~Vy,

VY=Y Y,
X Ys = f (%)

Relation between backward difference and other differences:

LAY, =Y, Yo =V A%y, =Y,—2y,+Y,=V7y, €tc.
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2.A—-V =AV

Proof: Consider the function f(x).

3.V=AE"

AF(X) = f(x+h) = f(X)
Vi (x) = f(X)— f(x=h)

(A= V)(f (%)) = Af (x) - VF (%)

=

=[F(x+h) = F()]-[F(X) - f(x-h)]

= AF (X) - AF (x—h)
= A[f (%) f(x=h)]

=A[Vf(X)]

A=V =AV

Proof: Consider the function f(x).
VE(X) = f(X)— f(x—h)=Af(x—h) = AE*f(X) = V=AE"

4, Vv=1-E*

Proof: Consider the function f(x).

Vi) =f(x)-f(x-h)=f(x)-E*f()=(1-E*)f(x) = V=1-E*

Problem: Construct the backward difference table for the data
x:—-2 0 2 4
y=f(x):-8 3 1 12

Solution: The backward difference tableis as follows:

X Y =f(X) vy V3y V3y
-2 -8
vy, =3-(-8)=11
0 3 v2y,=-2-11= -13
vy, =1-3=-2 V3y,=13-(-13)=26
2 1 v2y,=11-(2)=13
vy,=12-1=11
4 12
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Backward Difference Table
X f Vf V2f  V3f VA VEf VEf
xo  fo
x1  fi VA V2f,

V3fs

v A VeV Vi v
PR SR 7 S 2T S & LR 2 S R
V3fe vsf
w o fi R v
vf Vs
x5 f v2fo
Ve

X6 fo

Example Show that any value of f (or y) can be expressed in terms of f, (or y» ) and its

backward differences.
Solution
Vi, =f,-f,1 implies f _,=f —Vf,
and Vf _,=f ,—f , implies f ,=1f ,—Vf ,
V2f, =Vf, —Vf,, implies Vf _, =Vf —V?f
From equations (1) to (3), we obtain
frp = f,—2VE, +V21,.
Similarly, we can show that
fr_g=f,—3Vf, +3v2f, - V31,.
Symbolically, these results can be rewritten as follows:
fr1= (1_V)fn v fho2= (1_V)2 fns fng= (1_ V)a fn.
Thus, in general, we can write
f ==V 1.
ie, f_ =f —"CVf +'C,Vf - ...+ (-)'V'f,
If we write y, to denote f, the above result is:

yn—r = yn - rClvyn + rszzyn - ...t (_1)rvryn
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