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Principal Stresses and Strains

In the first unit, we have studied in detail, the direct tensile and compressive stress as well as
simple shear. In these chapters, we have always referred the stress in a plane, which is at right
angles to the line of action of the force (in case of direct tensile or compressive stress).
Moreover, we have considered at a time one type of stress, acting in one direction only. But the
majority of engineering, component and structures are subjected to such loading conditions (or
sometimes are of such shapes) that there exists a complex state of stresses; involving direct
tensile and compressive stress as well as shear stress in various directions.

Principal Planes
It has been observed that at any point in a strained material, there are three planes, mutually
perpendicular to each other, which carry direct stresses only, and no shear stress, A litle
consideration will show that out of these three direct stresses one will be maximum, the other
minimum, and (he third an intermediate between (he two, These particular planes, which have no
shear stress, are known as principal planes.

Principal Stress
The magnitude of direct stress, across a principal plane, is known as principal stress, The
determination of principal planes, and then principal stress is an important factor in the design of
varfous structures and machine components,

Methods for the Stresses on an Oblique Section of a Body

‘The following two methods for the determination of stresses on an oblique section of a strained
hady are important from the subject point of view :
1. Analytical method and 2. Graphical method.

Analytical Method for the Stresses on an Oblique Section
of a Body

Here we shall first discuss the analytical method for the determination of stresses on an obligue
section in the following cases, which are important from (he subject point of view :

1. A budy subjected to a direct stress in one plane,

2. A body subjected to direct stresses in two mutually perpendicular directions.

Sign Conventions for Analytical Method

Though there are different sign conventions, used in different books, yet we shall adopt the
following sign conventions, which are widely used and intemationally recognised
L. All the tensile stresses and strains are taken as positive, whereas )
all the compressive stresses and strains are taken as negative. —
2. 'The well established principles of mechanics is used for the shear !
stress, ‘The shear stress which tends (o rotate the element in the v fboooooaboo. v
clockwise direction is taken as positive, whereas that which tends '
1o rotate in an anticlockwise direction as negative. ;
In the element shown in Fig. 7.1, the shear stress on the vertical 5
faces (or x-x axis) is taken as positive, whereas the shear stress on the
horizontal faces (or y-y axis) is taken as negative
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Stresses on an Oblique Section of a Body Subjected to a
Direct Stress in One Plane

Consider o rectangular body of uniform cross-sectional s and unit ihickness subjected 1o m
direct tensile siress along o3 axis as shown in Fig, 7.2 (e Now ket us consider an obligue section AH

inclined with the x-x axis (Le., wilth the line of sction of the lensibe stress on which we ane reguined (o
Fimd oul e stresses a6 shown in the Tgure),
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Fig. 7.2
Let o = Tensile siress across (he lace AC and

=]
n

Angle, which the oblique section AR makes with BC Le. wilh
the x-x axis in the clockwise direction,

First of all, consider the equilibrium of an element or wedge ABC whose free body diagram is
shown in Fig 7.2 () and (). We know that the horizontal foree acting on the (ace AC,

P =0 AC (&)
Resolving the Toree perpendicular or nommal (o the section AR
P, = PsinO=a.ACsin0 e}
andd now resolving the Torce langential (o the section AH,
P, = PoosB=0.ACcos 0 el 1)
W know that normial stress scross the seclion AR®,
P aACsnd o ACsin0 1
ﬁ_xd_;‘_u e =0osin” 0
sinf)
= 8 o =2 _ O . i
ol {1 —cog 20) 3 ~ 5 C08 0 (i

and shear stiess (Le., tangential stress) scross the seclion AR,
B = . AC cos @ = ag.ACcos @

=5 = 8 co
T = v YV, i asin Bcos B
sin 6
= %Hiﬂl"ﬂ )
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It will be interesting 1o know Trom equation () above that the normial siress across the seclion
AR will be maximum, when sin® 8= 1 orsin 8= 1 or ©=90°. Or in other words, the face AC will carmy
the maximum direct stress. Similarly, the shear siress across the section AR will be maximom when
sin 28 = 1 or 26 = %0° or 270" Or in other words, the shear stress will be maximum on the planes
inclined at 45% and 1357 with the line of action of the lensile stress. Therefore maximuom shear siress
when 8 is equal 1o 45°,

@ a 5
- == P == ==
T sin 9 1 )

ma 2

and maxinum shear stress, when 8 i8 equal to 1357,

L o 4]
= —=8n 21" =—={-1lj==
Tz 2 7 D=3

It iz thus obvious that the magnitudes of maxinum shear stress is hall of the tensile stress. Now
the resultant stress may be found ool from the relation

Op = (oo +T°

Mo ¢ The planes of maxmum and minimum nommal sresses (Ge, principal planes) may also be fownd ol by
couating the shear stress (o zem, This happens as the normal siress s eilher maximom o mmEmm on
a plane having zero shear stress. Now equating the shear stress (o zero,
osinfcosd = 0
It will be interesting (o know that in the above equation either sin @ is equal (o #ero or cos @ is
eqqual fo zero. We know that ifsin is zero, then @ is egual 1o 07, Or in other words, the plane coincides
with the line of action of the iensile stress, Similarly, i cos @ is zero, then 8 is equal to 90°, Or in other
words, the plane is al right angles to the line of action of the tensile stress. Thus we see that there are
two principal planes, al right angles to cach other, one of them coincides with the line of action of the
stress and the other al right angles Lo it

To_ A wooden bar is subjected to a tensile stress of 5 MPa. What will be the
vitlues of normal and shear siresses across a section, which makes an angle of 25° with the
direction of the lensile stress,

Sovumon. Given : Tenstle stress (6) = 5 MPa and anghe made by section with the direction of the
lensile stress (9) = 257,
Novrmal stress acroxs the seclion

W know thal normal stress across the section

. B e P e -
o, 3 2{:!.:9-2& 3 ELm{INZS}MPE

25-25cos 50" =25 — (15 x (1L.6428) MPa
2.5 — 1607 = 0.89 MPa Ans.

Shear siress across fhee section

We also know thal shear stress across the section,
g
2
25x0.766 = 1.915MPa Ans.

T

sin zﬂ=§ sin (2 x 257) = 2.5 sin 50" MPa
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2. Two wooden pieces 100 mm % 100 mm in cross-section are joined logether
along a ling AR ax shown in Fig. 7.3,

\ . Sl

1016k

»’
60" ) l
- -
Fig. 7.3 je— 10—
Find the maximum foree (P), which can be applied if the shear siress along the foint AR is

1.3 MPa,
Sotumon. Given : Section = 100 mim % 100 mim | Angle made by section with the dirsction of
tensile stress (6) = 607 and penmissible shear stress (T) = 1.3 MPa = 1.3 N/mm?”.
Let o = Sale lensile stress in the member
We know thal cross- sectional arca of the wooden member,

A = 100 % 100 = 10 000 mm®
and shear siress (T),
a a oy Do P ¢ S
13 = 2::inm_ 2acin (2 % 60") = zsin 120° = . ® (L E66
= 043 o
.3
or g = nl“—“ = 3.0 Nfmm*

Maximum axial lorce, which can be applicd,
Po= A= 300 10000 = 30000 N = 30 kKN Ans,

Po= oA = 300% 10 000 = 30 (00 N = 30 kN Ans,

3. Atension member is formed by connecting two wooden members 200 mm %
100 mm as shown in the figure piven below:

4 \\ - T-
Pe—fr=emrmamanm \*\—\ --------- 3'1’
00" (.\\B _.| o Mo

Fig. 7.4

Detersnine the safe value of the force (P), if permissible normal and shear stresses in the joini

dare (.5 MPa and 1.25 MPa respectively,

Sowumon. Given : Section = 200 mm x 100 mm ; Angle made by section AR with the direction
o the tensile stress (o) = 607 | Permissible normad stress (o) = 0.5 MPa= (0.5 N/mm® permissible
shear stress (7) = 1.25 MPa = 1.25 N/mm’.

Let o = Safe stress i the joint in Nimm’,

We know that eross-sectional area of the member

A = 200 % 100 = 20 000 mm®

Dr.T.Prakash, Professor of Mechanical Engineering
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Wi also know thal nonmal stress (a, ),

a

ns = I~ g

. I " 1
L:Elﬂ—i 2 cos (2 % 60")

cos120°=5 —g (-05)=075g

3

wla wla

g
2

0.5
0= 595 = 0,67 N/ )

and shear stress (T)

128 = Esinzﬂ:g-u{n{ﬂxm"}:%sin!m":%xn.kﬁﬁ:u.ﬂh

2 2
1.25 2
0= 5233 = 285 MAmumy vl i)

Frown the above [wo values, we lind thal the sale stress s least of te two values, Le, 0067 N.immz
Therelone sale value of the force

P=g A=067x20000=13 400N = 134 kN Ans,

Stresses on an Oblique Section of a Body Subjected to
Direct Stresses in Two Mutually Perpendicular Directions

Oy = b, O a—

15 i)

Fig. 5
Consider a rectangular body of uniform cross-sectional area and unit thickness subjected 1o
direct fengile stresses in two mutually perpendicular directions along ©x and y-y axes a8 shown in
Fig. 7.5. Now led us consider an oblique section AR inclined with x-r axis (Le. with the line of action
of the stress along -x axis, lermed as a major leasike stress on which we ane requined Lo find out the
stresses 45 shown in the ligune).

Let g, = Tensile stress along x-x axis (also termed as major tensile sress),
o, = 'lensile stress along -y axis (also lermed @ a minor lensile
siress), and
8 = Angle which the ohlique section AB makes with -x axis in

(he clockwise dinsction.
First of all, consider the equilibrium of the wedge ABC, We know that hordzontal Torce scting on
The Mace AC (0r 2-x axis).
P, =0, AC(+)
andd vertical foree acting on the face BC (o y-y axis),

P, = c__.ﬂc'{h

Dr.T.Prakash, Professor of Mechanical Engineering
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Resolving the forces perpendicalar or normal to the section AR,

P, = sziﬂB+P.Fco£ﬂ=trr.ACsinB+ﬁ,,.BCmsB )
and now resolving the forces tangential o the section AR, '
£ = Poeos@-Fosin@=o,. ACcos 8 -0, BCsin 0 )]

We know thal normoal stress across the section AR,
P o, ACsin 0+ , BCcos0

g, = —¢
. AR AR
_ O,.ACsin@ 0, BCcos® o,.ACsinf 0, BCcos0
- AB AB AC B
sind cosd

- a
Gzﬁiﬁzﬁ+ﬂ'},.mwjﬂ= % (1 —cos 28) + T" i1 + cos 28)

=S Crirge ot I coing
=5 2|.3‘|.'Ei +2+11’_m

o, +0 0, — 0
= —Lz-—l—-—’-‘—i-imsza - Hf)

and shear stress (Le., langential stress) across the section AR,

B _ﬁ,..&ﬂtmﬁ—ﬂy.ﬂfﬁinﬂ

P
Al AR
_ 6,.ACcosfl 0, .BCsin® g, ACcosd 0, BCsin®
T AB AR AC BC_
sind cos i

ﬁi.sinﬂmﬁﬂ—nrsinﬁmsﬁ

o,-0
(0,—0,) sin 6 cos 0 = T" sin 26 V)

It will be interesting o know [rom equation (i) the shear stress across the section AR will be
maximum when sin 20 = 1 or 20 = %" or @ = 45°, Therefore maximom shear stress,

= %G
s 2

MNow the resuliant stress may be found out from the relation :
Oy = af +1°

L._ A povint in a strained material is subjected to wo mutually perpendicular
lensile stresses of 200 MPa and 100 MPa. Determine the infensities of mormal, shear and resulfant
Stresses on o plaae inclined at 307 with the aiy of minor fensile siress,

Sowumon. Given : Tensile stress along x-x axis (6) =150 MPa ; Tensile stress along -y axis
{5, ) = 100 MPa and angle made by plane with the axis of lensile stress 8 = 307
Mowvmal stress on the inclined plane

We know that normal stress on the inclined planc,
_ O, +0,

g,=-0
o, 3 —’—zf—nml"ﬁ

Dr.T.Prakash, Professor of Mechanical Engineering
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2004100 20 = 1K)

cos (2 % 307 MIfa

2 2
= 150 - (50%05)=125MPa Ans.
Shear strexy on the inclined plane
W know that shear stress on the inclined plane,
o, -0 -
= 2222 5in 20.= 20212 ¢ sin (2 % 30 MPa

n

50 sin 60F = 50 % (L5866 = 43,3 MI'a Ans.
Rexullant xiress on the inclined plane
W also know that resuliant siress on the inclined plane,

Op = yJob 410 =129 4+ (4337 =1323MPa Ans.

o The strexses ai point of a machine component are 150 MPa and 50 MPa
Both tenstle. Find the intensittes of normal, shear and resultont stresses on a plane inclined af an
amgle of 55" with the axis of major tensile stress. Also fimd the magnitude of the maximum shear
siress in the component.

Sowmon. Given : Tensile stress along x-x axis (o) = 150 MPa ; ‘Tensibe siress along y-y axis
{o5,) = 50 MPu and angle made by the plane with the major fensile stress (0) = 55%,
Nireal steess on the inclined plane
W know that the normal stress on the inclined plane,
o, o,
9

-

0,~0
0" = "_2100829

= 1N+ R 5"; 0 _ ____Iﬁ(lz— 0 cos (2 % 55°) MPa

= 100 = 50 cos 1107 = 100 — 50 (- 0,342) MPy
= 10+ 170=171MPa  Ans,
Shear sirexs on the inclined plane
W know (hat the shear stress on the inclined plane,

o, -0 =
T = '—llsmzo-"“—zs” x sin (2 % 55°) MPa

50 sin 110" = 50 x 0.9397 = 47 M Ans.
Resultant stress on the inclined plane
We know (hat resultant stress on the inclined plane,

O = ol + 2 = J(17.07 4+ (47,0 =1262MPa Ans.
Maximum shear siresy in he component
We also know that (the magnitude of the maximum shear stress in the componenl,
0,-0 150 = 50

1. =% Lowmit

= + 50 MP}
G 5 5 +50MPa Ans,

B The siresses at a point in a component are 100 MPa (tensile) and 50 MPa
{compressive). Determine the magnitude of the normal and shear stresses on a plane inclined at
an angle of 25° with tensile stress. Also determine the direction of the resullant stress and the
magnitude of the macimum intensity of shear stress.

Dr.T.Prakash, Professor of Mechanical Engineering
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Sowumon. Given : Tensile stress plong - axis (0,) 100 MPa , Compressive stress along y-y s
(o) = -50 MEn ( Minus sign due 10 compression ) and anghe made by the plane with tensile siress
(0 = 257,
Normal stress on the inclined plane

Wi know Lhal the normal stress on the inclined plane,

o,+0, o,-a
g, = = ——1-"- o8 20
_5 o
- lm+1’: () 100 2{ 50) co8 (2% 25°) MPa

25 - TS o008 S0P =25 — (75 x(.6428) = 23.21 MPa Ans.

Shear sivess on the inclined plone
We know thal the shear stress on the inclined plane,
O,-0 108} = (=50
t = =gy m:T‘} sin (2 % 25°) MPa

2
= Tisin 507 = 75 % (L766 = 57.45 MI'a Ans,

IHrection af fhe resuliant sfress
Lel @ = Angle, which the resuliin stress makes with -x axis,
T _ 5745 . a
Wi know that @ang = o, ;a2 =-24752 or 0=— 68 Ans.

Mavimmem shear sirexs
W also know that magnitude of the maximuam shear stress,

o, -0 00 = (=50
Tor = '2-"=1' 2{ ) _e75MPa Ans.

Stresses on an Oblique Section of a Body Subjected to a
Simple Shear stress

T

(et () i)
Fig. 7.6

Consider a rectangular body of unilorm cross-seclional area and unit thickness subjected (o a
posilive (e, clockwise) shear stress along o-x axis as shown in Fig.7.6 (a). Now let us consider an
oblique section AR inclined with x-x axis on which we are required o find oot the stresses a8 shown

in the Tigure 7.6 (b),
Let Ty
Li]

Positive (Le., clockwise) shear stress along x-x axis, and
Angle , which the obligue section AR makes with x-x axis in
the anticlockwise direction.

First ol all, consider the equilibrivm of the wedge ARC. We Know thal as per the principle of
simple shear, the face BC, of the wedge will be subjected 1o an anticlckwise shear siress equal o T,
a5 shown in the Fig. 7.6 (F). We know that vertical force acting on the face AC,

P A

L[

"

Dr.T.Prakash, Professor of Mechanical Engineering
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and hordzonial force acting on the face BC,
Py = Ty BC (=)
Resolving the forces perpendicular or nonmal to the AR,
Po= Poos@+P,sinf=
and now resolving the forces tangential o the section AR,
P, = Psin0-P, mﬁﬂ:tq.ﬂﬂ'sin!}—tq.ﬁi‘mm 1]

We know that nomal siress across the section AB,

P, _1,}..AC¢Lu&B + 1y, BC sin®
O = AB AB
1#.ﬁCmﬁﬂ'+1,’.HCxinE
AR AR
- TIF.ACcnsl}_htq.H‘Csinﬂ
- AL BC
sin0 cosih

'I:U.A[.'msﬁ+ TU_. BC zin 6

= Tq.sin 0 cos +-1n.s+nﬂcmﬁ
= 21ﬂ.sin 0 cos 0=, . 5in 20
anel shear stress (1.e, tangeniial stress) across the section AR
P _1,},..*:'(355113—1” CAC cos 6

T = =&
AR AR
. 'rq,.ﬂﬂﬂiﬂl]_11},_,1.{?oc|sl]=1q.ﬂt?siﬂﬂ_f:,y.AC::mII]
T AR AR BC AC_

sin @ cosi
=1, sin'0 — txrcmiﬂ

T
= —;’iu_mzaj-%“’{umm

Ty T T T
= v-%——-—z‘z-csmlﬂ—--zﬂ—nzﬂ-cmm
= -1, 008 26 ~(Minus sign means thal nommal siress

is opposite 1o thal across AC)
Mow the plancs of maximom and mindnm normal stresses (Le, principal plancs ) may be Tound
out by equating the shear stress o 2emo Le
-T,Co20 =0
The above equation is possible only if 28 = 90" or 2707 (because cos 90" or cos 270° = ) or in
other words, 6 = 45% or 135",

Stresses on an Oblique Section of a Body Subjected to a Direct
Stress in One Plane and Accompanied by a Simple Shear Stress

Consider a rectangular body of uniform cross-sectional ares and unil thickness subjected o a
tensile siress along r-r axis accompanied by a positive (Le. clockwise ) shear stress along x-x axis as
shown i Fig. 7.7 (a). Now let us consider an oblique section AR inclined with x-x axis on which we
are requined 1o ind oul the stresses as shown in the ligure.

Dr.T.Prakash, Professor of Mechanical Engineering
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tll
«{—AO. 0\—}
rll

Fig. 7.7

Let 0, = 'lensile stress along ©-x axis,
Ty = Positive (i.e. clockwise) shear stress along x-x axis, and
0 = Angle which the obligue section AR makes with x-x axis in

clockwise direction.
First of all, conssder the equilibrium of the wedge ABC. We know that as per the principle of
simple shear, the face BC of the wedge will be subjected 1o an anticlockwise shear stress equal 1o L
as shown in Fig. 7.7 (b). We know that horizontal force acting on the face AC,

P, = 6, AC(¢+) Af)
Similarly, vertical force acting on the face AC,
P, = 1,.AC( e i)
and horizontal force acting on the face BC,
P = Ty BC () i)

Resolving the forces perpendicular 1o the section AB,
Py = Psin®-Pocos-Psin®
= 0,.ACsin 0 -7 . ACcos 0 -7, . BCxin O
and now resolving the forees tingential to the secton AB,
Py = Proos04 P sin®—Poos0
= 0,. ACcos 0+ T, . ACsin0 -1, . BCcos
We know that normal stress across the section AB,

o B 0,. ACsin0— 1., . AC cos0—1,,. BC sin 6

® AB AR
0,.ACsin@ Ty . ACcos0 T, .BCsnb
- AB: 7 AR - AR
0. ACsin0 Ty -ACcos® T, .BCsin®
- T AC AcC ~ BC
sin @ sin @ cosB

O, . sin” O T, sin 6 cos 6 - T, in 6 cos B
%‘(I cos 20) - 2 T, sin 6 cos 6

= 9 _O: S -
=33 cos 20 ‘(,,s:nZO )

and shear stress (e, tangential stress) across the section AB,
i _}_’Lzo,.ACoos9+ Ty ACsin0—-1,,.BC cos ©
AR AR

Dr.T.Prakash, Professor of Mechanical Engineering
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Ty ACsm0 1, BC cos0
0,.Ame0+ oy ACsin0 1, . BC cos

. Al AR AR

0, AC 050 T, ACsin® 7, .BC cos®
AR T e T
sm 0 sin O cos0

. . 2 2
= o,smOquVl:,,sm 0—1,,005 0

T L 4
= g-lxinl() 4 —2ﬂ(|—00520) - —52(1 + 008 20)

2
o, . 1 1 1 1
' ¢ e NS ) 2 ik = ik
- sin 20 + 3 3 cos 20 3 3 cos 20
= %‘ sin 20 - Ty CO8 20 V)

Now the planes of maximum and minimuam normal stresses (4e., principal planes) may be found
out by equating the shear stress (o zero Le., from the above equation, we find that the shear stress on
any plane is a function of 0, T, and 6. A litke consideration will show that the values of 0, and T, are
constant and thus the shear stress varies with the angle 0. Now let 0’ be the value of the angle for
which the shear stress is zero,

22* sin 20’ =~ Ty CO8 20’ =0 or %‘ £in 20’ = T,y CO8 29',
2t
- -l
an 26, G,

From the above equation we find that the following two cases satis(y this condition as shown n
Fig 7.8 (a) and (b)

(a) case 1 (b) case 2

Fig. 78
Thus we find that these are two principal planes at nght angles 10 each other, therr iclination
with t-x axis being O’I and 0".
Now for case 1,
21

$in 20’ - - - wnd 08 20' - 2
J 0, + 4Ty, 'oJor A

2t o

sin20, = - and ocos 20, =
b :io: N 41’,", L :;0: FATY

Now the values of principal stresses may be found out by substituting the above values of 20’
and 20" 0 equation (ivg,.“ :

Sumalarly for case 2,

Dr.T.Prakash, Professor of Mechanical Engineering
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a, o :

-

7 _EL com 20 'l.",mul[l
9.9

A

=
:in |-cI1 o ad-t
2d,

a;
?‘J'u, |a|'r’ ,‘l'u, |4r’

1
EFj.l l‘F* | IH“ Ei'.,lmt-pd*rr_,
2 2

- L1
Jni rdT, erJui rdT

aw

J.Jr‘r, ni'cj, Jrr:' 4 41:,,

3 2
a, :!n uﬂ‘E g, 4T
2 2 2:;'1:”411

T_.- A plane element in a body i subyjected to a tensile stress of 100 MPa
aceompenied by a shear stress of 25 MPa Find (i) the noemal and shear siress on a plane
inclined at an angle of 207 with the tensile stress and (i) the macimum shear stress on the plane,

Sowmon, Given ; Tensile stress along v-x axis (6,) = 100 MPa; Shear stress (T} = 25 MI' and
anple made by plane with tensibe soess (8) = 207
Normmal and shear stresses on inclined vection

We know that the nonmal stress on the plane,

anned shear stress on the plane,

g, = z—%ﬂ:m?ﬂ 1, 5in 20

% "2’" cos (2 % 207) — 25 san (2 % 200 MPa

50 — 5 cos 407 — 25 sin 407 MPa
50— (50 % (LT66) — (25 = 0.6428) MPa
50 - 383 - 1607 =—4.37 Mi*a Ans.

iff sin 20 - T, cos 20

-]-‘i'ﬂ sin (2 % 207) — 25 cos (2 x 20F) MPa

50 sin 40° — 25 cos 407 MiPa
{50 % 0L6A2R) — (25 = 0.766) MPa
3204 - 1915 = 1299 MPa Ans.

L

T

[

Mavimum shear stress on the plane
We alzo know that maximm shear stress on the plane,

"[-J {“'“} (257 =55OMPs Ans

Dr.T.Prakash, Professor of Mechanical Engineering
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E An element in a strained body is subjected 1o a tensile siress of 150 MPa

and a shear stress of 50 MPa tending to rotate the element in an anticlockwise direction. Find

(1) the magnitude of the normal and shear stresses on a section inclined at 40° with the tensile

stress; and (ii) the magnitude and direction of maxinmum shear stress that can exist on the element.
Sowumon. Given : Tensile stress along horizontal x-x axis (G,) = 150 MPa ; Shear stress
(‘l’,,) — 50 MPa (Minus sign duc to anticlockwise) and angle made by section with the tensile

stress (0) = 40°.

Normal and Shear stress on the inclined section
We know that magnitude of the normal stress on the section,
a o .
o, = —2‘ -ilom% T,y 810 20

130 130 con (2 %40 - (- 50) sin (2 % 40°) MPa

TS5 — (75 x 0L1736) + (50 x 0.9848) MPa
T5-13.02 +4924 = 111.22 MPa Ans.

and shear stress on the section
O .,
T= -24 sin 20 Ty 008 20

l-'zﬂsin(2x4(P)-(‘50)cos(2x40”)Mﬁ

= (75 % 0.9848) + (50 x 0,1736) MPa

= T3.86 + 8.68 = 82.54 MP’a Ans,

(1) Maximum shear stress and its direction that can exist on the element
We know that magnitude of the maximum shear stress.

2 2
e i ’[22;) 2, =«J('_~2‘9) + (~50) =+90.14 MPa Ans.

T, =
let 6, = Angle which plane of maximum shear stress makes with x-x
axis,
We know that, W20, = =015 o 20,=563°

2T, 2x50
, = 2815° o 1I815° A

-
]
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. Stresses on an Oblique Section of a Body Subjected to
Direct Stresses in Two Mutually Perpendicular Directions
Accompanied by a Simple Shear Stress

o, o,
(¢ LY - 1 1
L ) M p o a
‘ »-
DA 0, O, e ' - O, L
1, T \t
" 14 (e —
Cy B v o A
ay a, o,
{ar) 1] (¢)
Fig. 79

Consider a rectangular body of umiform cross-sectonal area and unit thickness subjecied o
tensile strexses along x-x and y-y axes and accompanicd by a positive ( L., clockwise) shear stress
wlong x-x axis as shown i Fig. 7.9 (b). Now let us consader an oblique section AR inclined with x-x
axis on which we are required to find out the stresses as shown i the figure,

Lt 0, = lensile stress along xx axis,

0, = Tensile stress along y-y axis,
T,y = Positive (Le. clockwise) shear stress along x-x axis, and
0 = Angle, which the oblique section AR makes with x-x axis m

an anticlockwise diroction.
First of all, consider the equilibrium of the wedge ABC. We know that as per the principle of
simple shear, the face BC of the wedge will be subjected 10 an anticlockwise shear stress equal o 1,
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as shown in Fig. 7.9 (b). We know that horizontal force acting on the face AC,

P, = 06,.AC(+) - (i)
and vertical force acting on the face AC,
P, = 1,.AC (W) L Aif)
Similarly, vertical force acting on the face BC,
P, = 0,.BC() (i)
and horizontal force on the face BC,
P, = Ty BC (- V)

Now resolving the forces perpendicular to the section AB,
P, =P sm0-P,cos0+P,cos0- P sin@
= 0,. ACsm 0 -7, . ACcos 0+ 0,. BCcos 0 -17,,. BCsin 0
and now resolving the forces tangential to AR,
P, =P cosO+P,sin0—Pysin®-P,cos 0
= 0, ACcos 047, . ACsin 0 -0,. BCsin 0 -7, . BCcos 0
Normal Stress (across the inclined section AB)

= B 0, . ACsin®—1,, . AC cos0+ 0,.BC cos 0 — T, . BC 5in ©

Ty

=548 AB
_ 6, ACsmn@ Tyy-AC cosB A 0,.BC cos® 1,,.BCsin®
- AB AR AB AR
0, ACsin® Ty-ACc0s® 0,.BCcos® T, .BCsin®
== AC_ ~ AC T BC BC
sin @ sin @ cos® cos@

= 0,.5in’ 0T, sin 0 cos 0+ 0. cos” 0 T, 5in 0 cos 0
o Oy ;
= =& (1 - cos 20) + —2~(l+ws20)—2'tq.sm0ws()

o o
ms29+—2"-+-izons26‘ T,y 5in 20

NLQ =)
NLQ

or 0, = - 2N s 201, sin 20 )

Shear Stress or Tangential Stress (ncross inclined the section AB)

e B 0, AC cos0 + 1. AC sin0-0,,. BC sin 6 — 7, BC cos®
AR AB
0,.AC cos0 Ty . ACsin0 Oy.ﬂ(.'sin() Ty BC cost
= AR T AR AR T AR
_ 0. ACos0 Ty -ACsin®  0,.BCsin® 1,,.BC cos®
== AC. AC BC BC
sn 6 sin cosB cos @

= 0, sin 0 cos 0+ T, sin” 0 6, sin 0 cos 0 -7, cos” O

T T
= (0, ~0)) sin 0 cos 0 4 =T (1 -cos 20) — = (1 4 cos 20)

or t = 20 5in20 -7, 00820 i)

Dr.T.Prakash, Professor of Mechanical Engineering



SNS COLLEGE OF TECHNOLOGY
COIMBATORE-35
DEPARTMENT OF MECHANICAL ENGINEERING

Now the planes of maxumum and minimum normal stresses (e, prncipal planes) may be found
out by equating the shear stress o zero, From the above equations, we lind that the shear stress to any
plane 15 o function of 0,, 0,, T, and 6. A litde consideration will show that the values of 6, 6, and 1,0
e constant and thus J;«. xlur stress vares in the angle 0, Now let 0 be the value of l{ angle fur
which the shear stress is zero,

%1 in 20, - 7, cos 20, 0

= 2t
or o'—zlnn 20’ = T,y c08 20’ of L 20'- 0_9(:

From the above equation, we find that the following two cases satisly this condition as shown in
Fig 710 (a) and (b),

fa ()
.0 L

¥

2, (2 "9p)

W W01,
@, -a) @, ~a)
() Case | (h) Cane 2
Fig. 7.10
Thus we find that there are two prncipal planes, st nght angles to each other, their mclinations
with x-x axis being 0" and Oh :
Now for case 1,
‘ 2t (6,~0,)
SN 29, “ - = and  cow 20, -
' Jo-0)" vt (0, -0, +415,
Similarly for case 2,

2t
wn 20" = z - and ummh 00y
(0,-0,)" + 415, (0,-0,) 1415

Now the values of principal stresses may be found out by substituting the above values of 20
and 20’l m equation (v),

Muximum Principal Stress,

o, +0 o,-0 ;
g, = '—21 '—21 oo 20 T,y in 20

940y 10,0, (0, - 0,) - 21,y
2 2 J(o, 0} + 47, J(o. 0, + 41,

0,40, (0, 6,)" +47;, 0,+0, ‘ ,f(o. a,) 141},

2 2fo,-o) vy, 2 ?

& o, .&;&.‘ﬁ"_';.’x)’ng,
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Minimum Principal Stress

0. 040, (©,-0)

s 3 3 00820 - T, xin 20
¥ 0,40, (0,0, i (0,-0,) _(1 Z 21,
2 2 o -0, vath l 7 Jo, -0, va1,
< 0, +0, = (o, 'Oy)z ' 4‘% _0,-0, \'(0,—0,)2 4-41%,

|
2 2Jo,-0) 41, 2 2

2
0,+0, 0.-0’
or o’l = A 3 ) *1?’

E_ A point is subjected to a tensile stress of 250 MPa in the horizontal direction
and another tensile stress of 100 MPa in the vertical direction. The point is also subjected to o
simple shear strexs of 25 MPa, such that when it is associated with the major tensile stress, il
tends to rotate the element in the clockwise direction. What is the magnitude of the normal ana
shear stresses on a section inclined at an angle of 20° with the major tensile stress?

Sowmnon, Given : Tensile stress in horizontal x-x direction (0,) = 250 MPa ; Tensile stress
vertical y-y direction (6) = 100 MPa ; Shcarﬂm(t,,): 25 MPa and angle made by section wi
the major tensile stress (0) = 20°.

Magnitude of normal stress
We know that magnitude of normal stress,
O, = &;’1—-(’—‘-2-531 cos 20 -1, sin 20
- D00 DO ox 2% 207) - 25 sin (2 % 20°)
175 <75 cos 407 - 25 sm 40° MPa
175 (75 x 0.766) - (25 x 0.6428) MPa
175 - 5745 - 1607 = 101.48 MPa Ans.

Magnitude of shear stress

We also know that magnitude of shear stress,
228 5in 20 - 1, c0s20
250 - 100

sin (2 % 207) — 25 cos (2 x 20°)

75 sin 40° — 25 cos 40° MPa
(75 x 0.6428) — (25 x 0.766) MPa
= 4821 - 19.15 = 29.06 MPa Ans.
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0. A plane element in a boiler is subjected to tensile stresses of 400 MPa on ane
plane and 150 MPa on the other at right angles to the former. Each of the above siresses is
accompamied by a shear siress of 10 MPa such that when associated with the ninor tensile
stress bends o rotate the element in anticlockwise direction. Find

{a) Principal stresses and their directions.
(B} Maximum shearing stresses and the directions of the plane on which they act.

Sowmon. Given : Tensile stress along x-x axis (07,) = 400 MPa ;, “Tensile stress along y-y axis
{G‘J = 1 50 MPa and shear stress ("tn) =— 100 MPa (Minus sign due to anticlockwase on x-x direction),
(@) Principal stresses and their directions

We knwow tsat o i principal stress,

U +U
s =

«:nmufJ[m;- 150

) + (=100 MPa

2 2
275+ 1601 =435 MPa Ans

o 3T

and minimum principal stress,

O =
_ 400 + 150 ' I‘N}) + 100 MPa
2 2
= 275 - 1601 = 1149 MPPa Ans,
Let 8, = Angle which plane of principal stress makes with v axis,
21 2% 10
We know tht, Loy 20, = E—_“.;’,— = A0 150 = 0.4 or 20, = 18 H6y"

* = 1933 o 109,33 Ans,
b)) Maximam shearing stresses mld thewr directions
We aleo know that maximum shearing stress

T n 2
a,-C - "
e J['_zz) vid, J{"mz's"] ¢ 1007

1601 MPa Ans.

Lt 0, = Angle which plane of maximum shearmg stress makes with
X XIS,
i 0,0y 400 - 150 =
We know that, tan 20, = My Sxioo =& or 0,=51.34
0, = 2567 o 1567 Ans.
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Find graphically, or otherwise, the normial and shear siresses on the seciion AR

Sovumon, Given : Tensile stress along horizontal x-x axis (5,) = 75 MPa | Tensile stress along
vertical y-y axis (@) = 150 MPa | Shear stress (1,) = 25 MPa and angle made by section with the
horizoatal direction (8) = 357,

Narmal stresy on the section AR
We know that normal stress on the secbon AR,

Oy— 0y Oy,
a, = ;2—7- —’2—1 cus 28— 1., %in 20

754150 75—
AL -52—'mmmxsr':-ﬁmc2x5ﬂm
« 1125+ 57.5 cos 110° 25 sin 110° MPa

= 1125 + 375 x (- 0.342) - (25 » 0.9397) MPa

1125 - 12.83 — 2349 = Th. 18 MPa Ans.

Shear stresy on the section AR
We also know that shear siress on (he section AR
g, -0
T = ’—Z—r— sin 20—, cos 20

5
5 IISﬁ sin {2 » 55"} — 25 cos (2 x 557) MPa

— 3715 sim 110" — 25 cos 110¢° MPa
= — 305 % 09997 — 25 = {— 0.342) MPa
= —35.24 + 8.55 = — 26.60 MPa Ans.

—300-200
B sin (2 x 307) — [- 100 cos (2 x 307)] MPa

— 250 sin 607 + 100 cos 60° MPa
— 250 = 0.866 + 100 x 0.5 MPa
= -2165+50=— 166.5 MPa Ans.
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Examme 7.14. A machive component i5 subjected to the stresses ax shown in the fignre
given below ;

S MPa
| 25 MPa
i+ 75 MPa
100 MPa — 1y , 100 MPa
s upat | L
2 o
23 MPa 1 M
Fig. 7.12

Find the pormal and shearing sivesses on the section AR inclined at an angle of 607 with x-x

avis. Alse find the resultant stress on the section.

Sowmon. Given - Compressive stress along horizontal x-x axis (g ) =— 100 MPa (Minus sign
due to compressive stress) ;. Compressive stress along vertical v-y axis (o) = — 50 MPa (Minus sign
due o compressive stress) 3 Shear stress (T, ) = — 25 MPa (Minus sign due to anticlockwise on x-x
axis) and angle made by section AB with x-x axis (8) = 60°

Normal siress on the seciion AR
We know that normal stress on the section AR,

o 4+, o - . it
o, = —— ———— cos 20 —1_sin 2

—100+{-500 —100—(-50) « :
= = = = oos{ 2 x 60— |-25sin{ 2 x 607)]

= — 75 + 15 cos | 207 + 25 sin 120° MPa
= —T5 4 [25 x {—0.5)] +(25 = 0.8360) MPa
= —-T5-125+21.65=-6585MPa Anms
Shearing siress on the section AR
We knmow that shearing stress on the section AR,
o, —@
= M sin (2 % 607} — [- 25 cos (2 = 607)]
— 25 5in 1 20F + 25 cos 1 20F =— 25 »0.866 + [25 = {-{1.5)] MPa
= -2165-125=-MH.15MPF0 Ans,
Resultant stress on the section AR

We also know that resultant stress on the section AR,

T

~ sinM-1_cos20

0, = oo +T =JI-05.85)° + -3415] =T4IMPa  Ams.

Dr.T.Prakash, Professor of Mechanical Engineering

SrUTIdT



