VECTOR CALCULUS

PART A

1. If ¢=x2+y2+22,ﬁnd v at (1,1,-1)

Given, ¢=x2+y2+72 =mmmmmmmmmmmmeeeeeeo (1)
There fore vo=i®+j®, k® —eeeev (i)
x oy oz
: ob_, -0 _, 00 .
From (i), R At (i)

Sub (iii) in (i), we get
Vo=1(2x)+j(2y) +Kk(22)
There fore, (Vg)aui-1=21+2-2k

2. Find grad ", where r=[f and 7=xi+yj+zk
Given, r=xi+yj+zk

F‘:r:«fx2+y2+zz

Diff (i) partially w.r.t ‘x’

2rg=2x
oX
or X
= =

ox r
g=Xandg=E
oy r oz r
~gradr" =vr"

_%79 n
_Z’Iax(r)

i e O
_Zlax(r )'6x
=it

o r

=inr2x
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3. Find the unit vector normal to the surface x?+y?-z-10 at (1,1,1).

Given b=x2+y%2-z=10

Vo =T% +]% + E%
=2xi+2yj-k
c(V)ara1,1) = 2 +2j—k
V| =VA+4+1=\9=3
Vo _2i+2j-k

Unit normal vector a= 2% -
V| 3

4. Find the directional derivative of ¢=xy+yz+x at the point (1,2,3) in
the direction 3i+4j+5k.

GiVeN, ¢=xy+yz+xz ===mm==mmmmmmmmmmmmmmme (i)
Let =8+ 4j+5K —mmmmmmmmmmmmmmmmee (ii)
Directional derivative = (vg).n --------- (A)

V¢=T@ +]@+E@
x oy T &

From (i), %=V+Z;%=X+Z;%=y+x
Vo= +2)i+(X+2)j+ (Y +X)K
. (V)at(1,2,3) =51 +4]+ 3K
From (ii), we have
n _ 3i+4j+5K (iv)

EYLLIN e e’ e

EIEY
Sub (iii) and (iv) in (A), we get

3i+4j+5k
J50
_15+16+15 46

52 52

Directional derivative = (v¢).A=(5i+4j+3K).

5. In what direction from the point (1,-1,-2) is the directional derivative
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PV g e

of ¢=x%322 amaximum? What is the magnitude of this maximum?

GiVen, ¢:x3y3z3 _____________________ (|)
_7% <0b -0
V¢_I6X+Jay+kaz

From (I), %=3x2y323 ;%=3x3y223 ;%=3x3y3z2

- Vo= 3x%y32%1 + 3x3y22%] + 3x3y 32 %k

2 (V)at(1,2,3) = 241 — 24] - 12k

There fore the directional derivative is maximum in the direction
241 —24j-12K .
Magnitude of this maximum is |v¢|

= \J(20)% + (<24) + (-12)2
=129 = 36
6. Find the angle between the normal to the surface xy=z? at the
points (1,4,2) and (-3,-3,3).
Let ¢=xy-2z2 --------mmmmmmm-- (1)
5V =yi+xj—2zK
Normal to the surface is v, and v,¢
“Vid=(Vé)ar(1,4,2) = 41 + ] - 4K
Vb= (V8)at(-3,-3,3) = —31 — 3] — 6K
= V1| = V33|V ot| = /54
There fore angle between the normal to the surface is,
(V19)(V29) _ (4i+]j—4K).(-37 - 3] - 6k)

V1oVt V3354

c0s0 =

7. If ¢ is ascalar point function, then prove that curl (grade )=0.
grade= T%ﬁ%ﬁ%’

curl grade = v X [T?i’ﬁ?y%ﬁ?ﬂ
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8. If A isa constant vector, prove that div 2 = 0.
Let A = Ai+A)j+AsK
Where a;,A;,Azare constants

- diva =v.A

= |li=—+]=—+k=—|.(Aqi+Asj+Azk
[ax Jay azj( 11+ A)+Azk)

= A, 07 A3 —04+0+0
ox oy oz

diva= 0
9. If A isaconstant vector, prove that curlz =0.
Let K = AlT+A2]:+A3R

Where a,.A, Azare constants

L R -

curl A =vXx A

2 2o -
S Qo =

= |9A3 _0Ap| 5 0A3 OA1 | 1 0Ay OA
oy | | x @& x oy

= (0-0)-j(0-0)+Kk(0-0)
curl2 = 0

10. Determine f(r) so that the vector f(r)r is solenoidal.
Since  r=xi+yj+zk
f(r) = xf(r)i+yf(nj+zf(rk
div [f(1)] = 2 )+ 2 o]+ 2 [240]
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=f(r)+xf’(r)%+yf’(r)%+f(r) +H(r) +2f (1) %

ox "oy oz

, X 'y .z
=3f f ZryZ 4z
(n+ (r)[x . +y . +z r]

_ f'(0r.2,.,2,.2
=3f(r)+ . [x +y“+z ]
= 3f(r) +rf'(r)
Since f(r)r issolenoidal, div[f(r)r]=0
ie.,, srm)+ri) =0
f'(r) -3

f(r) r
Integrating w.r.t r, we get

log f(r) = -3logr+ logc

log f(r) = log o3
f(r) = o3
= ¢

11.Find the value of ‘a’ so that the vector, F=(x+3y)i+(y—2z)j+(x+az)k IS
Solenoidal.

Given Eis solenoidal.
div E =
.F

=3f(r) +f’(r)[x6r+yar+zar}

ie., %(x+3y)+%(y—22)+%(x+az)=O:>1+1+a=0:>a=—2

12.Show that the vector 2xyi+(x2+2y2)j+(y2+1k IS irrotational.

Let F=2xyi+(x2+2y2)j+(y2+1)K
A vector E issaid to be irrotational if vxE =0

| —4
| —u
o xI

Now, VXE = P~ % >

2xy (x2 +2yz) (y2 +1)
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4 ay?+1) a(*+2yz) | + a(y*+1) _a(2xy) K 004 +2yz) a(2xy)
EY oz =5 oz ax EY

= i(2y-2y)-j(0-0)+k(2x-2x)
vXE=0

13.Show that the vector E-=3y*22i+4x322j-3x%y2k is solenoidal.

We know that, if £ is solenoidal, we have
dive = vE
= [0 .36 06 427 327 o2 2
[|6X+Jay+kazj.[3y 2914+ 4x72°]—3x%y k]
= 042 0,32 8 202
ax(3y z )+6y(4x z )+62( 3X°Y9)
= 0+0+0
~dvE = 0
Hence F is solenoidal.

14.Define the line integral.
Let £ be a vector field in space and let AB be a curve

described in the sense A to B. Divide the curve AB into n elements

Let .5, F, be the values of this vector at the junction points
of the vectors dr,dn.........., dr, , then the sum

B B ) ..
lim > F,dr, = [Far is called the line integral.

N—o0 A A

If the line integral is along the curve c then it is denoted by
[Far or fFar if c isa closed curve.
c c

15. Evaluate [Fdr along the curve cinxy plane, y=x® from the
C

point (1,1) to (2,8) if F=@Gxy—-6x2)i+(2y-4x)j.
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Given F=Gxy-6xd)i+@y-4x)j , y=x3
Now, r=xi+yj; dr=dxi+dyj
Here y=x%; dy=3x%x

Iﬁd? = I[(Sxy —6x%)i +(2y — 4x)]]. |:de+ dy]:I
C C
= I[(Sxy - 6x2)dx +(2y - 4x)dy]
c
= I[(Sx(x3) - 6x2)dx+ [(2x3 - 4x)3x2dx]
C

= I(5x4 —6X2 +6x° — 12x3)dx
C

- x5—2x3+x6—3x4

There fore [Far from the point (1,1) to (2,8)

. 2_ . 2
1e., IF.dr=[x5—2x3+x6—3x4]1
1

=35

16. Define surface integral.
An integral which is evaluated over a surface is called a
surface integral.

n . .
- lim 3 Fex,vizi)-aias; 1S known as the surface integral.

N—®j=1

17. Find [[ras, where s is the surface of the tetrahedron whose

vertices are (0,0,0), (1,0,0), (0,1,0), (0,0,1).
By Gauss divergence theorem,

[fras = [[fviav

vr = [T;(+];y+?;;].[x7+y]+zi]= 1+1+1 =3
~ffrds = ([[faav =3V
18. If F=curA, prove [[Fads=o0, for any closed surface S.

By Gauss divergence theorem,
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Lj?.ﬁds:j\!‘jv.ﬁdv=J‘Jj‘div(3)dv

= [[[divteun Aav=0 [since div(curl A)=0]
\Y%

19. Define Volume integral.
An integral which can be evaluated over a volume closed by a
surface is called a volume integral. Volume integral can be evaluated
by triple integration.

ie.,IIIf(x, y, z)dv

20. State Gauss Divergence theorem.

If £ is a vector point function, finite and differentiable in a region
r bounded by a closed surface S, then the surface integral of the

normal component of F taken over S isequal to the integral of
divergence of F taken over V.
ie., ”E.ﬁds:jﬂvfdv Where n is the unit vector in the positive
S \%

normal to S.

21. Evaluate H?.ﬁds, where S is a Closed surface .
S

By Gauss Divergence theorem , we have

- A -
LIr.nds:IJ V.rdv

m[ 12 }(xnﬁﬂk}
m[a(x) a(y) 5(Z>}dv
=IJI(1+1+1)dv=3IJIdv=3\/

22.. Prove that ”¢.ﬁds=_mv.2dv
S \%
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By Gauss Divergence theorem , we have [[F.nds=[[v.Fav
S \Y

-

Let F=4c where ¢ isa constant vector. Then,

HZ? nds = H V(4 0)dv

Hc.(¢ n)ds=”]c (V)dv
S \Y

Taking ¢ outside the integrals , we get

c.‘U¢.nds=c‘U Vgdv
J.S¢nds=J'J Vgdv

23. Evaluate I j xdydz+ ydzdx+ zdxdy over the region of radius a.
S

H xdydz+ ydzdx+ zdxdy = Ijj[a(x) o) + a(gzz)}dxdydz

=IJ (1+ 1+ 1)dxdydz
-fffov-o
= 3[%%13} =4m®

24. State Green’s theorem in the plane
If R is a closed region of the xy-plane bounded by a simple closed
curve C and if M and N are continuous derivatives in R, then

J‘de+ Ndy = H(a—N—a—M xdy where C is travelled in the

anti-clockwise direction.
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25. Using Green’s theorem, prove that the area enclosed by a simple
closed curve C

1
IS EI(xdy— ydx)dxdy .
Consider By Green’s theorem,

Ide+ Ndy=”(%—')\(l—%vl XY eeeennnnnnns (1)
R

i 1 _ [ Xgv—Yax= = Yax+ X
Consider Zj(xdy ydx)dxdy—J‘Edy de_j Jax+ 2 dy

' __Y.n2X
[since, m= 2,,N_2]
y X .o 1 1
From (1), I_Ed”Edy_LﬂE_(_EﬂdXdy

- I I dxdy=Area bounded by a closed curve ‘C’
R
26. State Stoke’s theorem.

If £ isany continuous differentiable vector function and S is a

surface enclosed by a curve C then, [F.dr = [[eul F.nds where n is the
C S

unit normal vector at any point of S.

27.Using Stoke’s theorem, prove that [rdr=o .
C
Given, ([rdr where r=xi+yj+zK
c

~[rdf=[fourira ds [~ by Stoke’s theorem]
Cc S

=0 - curlr = Vxr =

N &)‘Q) i
Il
o

i
0
EX
X

< %‘Q) —

28. Find the constants a,b,c so that, F=(x+2y+az)i+(bx—3y—2)j+@x+cy+22)K IS
irrotational.
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Given vxF=o0
i j k
ie 9 o 0 =0
Y ox oy oz

X+2y+az bx—-3y—-z 4x+cy+2z
=1 2(4x+cy+22)—£(bx—3y—z)
oy oz
—][a(4x+cy+22)—a(x+2y+az)}
ox oz

~l 8 0
+k[ax(bx—3y—z)—ay(x+ 2y+az)}=0

=c+1]—jl4—a]+K[b—2] = 0i +0j + 0K

> c+1=0 4-a=0 b-2=0

29. If F=x%+x?, evaluate the line integral [Far from (0,0) to (1,1)

along the pathy =x.
Given F=x¥+x?% , X=Yy
dx = dy
r=xi+yj
dr =dxi +dyj
F.dr = x2dx + xy2dy = x%dx +x3dx [-x=y,dx=dy]

= (x2 + x3)dx

t 7
Iﬁd? = _[(x2+x3)dx = -

12
c 0
30. What is the greatest rate of increase of ¢=xyz2 at (1,0,3).
Given ¢=xyz?

vp=i0 R, k&
ox "oy ez
= i(yz?) +j(xz?) + K(2xyz)

(V) (1,03) =1(y2%) +](x2?) + K(2xy2)
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The greatest rate of increase = |v¢|=81=9 UNIts

31. Using Green’s theorem , find the area of a circle of radius r.

We know by Green’s theorem,
Area = %J‘(Xdy—ydx)
C

For a circle of radius r, we have x%+y?=r?
Put X=rcos0,y =rsin0

dx=-rcos6de,dy=rsinede [ o varies from 0 to 2« ]

2n
Area =% I [rcos@rcos® — rsin@(—rsind)]dd
0

27
1 200 = 1 o2
_E.([rde => [6],"

Area = »r? sQ.units.

32. If v¢ is solenoidal find v?%.

Given r=xi+yj+zk IS solenoidal.
~V.Vo=0

But v% = vve=0
33.If ?=(XT+ y_j)+zzj, find vxr

Given ?{xny?ﬂ@

g
|
\% 0 _')00_')002006
r=— =i(0-0)+ j(0-0)+k(0-0)=
xr =l (0-0)+ J(0-0)+k(0-0)
X

< Q|-
N ,Q,)|Q) =

34. Define Volume integral.
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An integral which can be evaluated over a volume closed by a
surface is called a volume integral. Volume integral can be evaluated
by triple integration. Ie.,”' f(x, y, 2)dv

35. State Gauss Divergence theorem.

If £ is a vector point function, finite and differentiable in a region
r bounded by a closed surface S, then the surface integral of the

normal component of F taken over S is equal to the integral of

divergence of F taken over V.

ie., [[F.nds=[[[v.Fav Where n is the unit vector in the positive
S \%

normal to S.

36.Evaluate jj?.ﬁds, where S is a Closed surface .
S

By Gauss Divergence theorem , we have

- A -
IIr.nds=” V.rdv
S v

m[ 2. }(xn Y7+ zﬁ]d
m‘[a(x) ) , 6(2)}
=IJJ'(1+1+ l)dV=SIJIdV=3V

37. Prove that J‘J‘¢.ﬁds =HIV.ZdV By Gauss Divergence theorem , we have
S \Y

Lj?.ﬁds:j\ﬂvfdv

-

Let F=¢¢c where ¢ isa constant vector. Then,
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J’ﬁ?.ﬁds:jﬂ'v.(ﬁ)dv
S \Y
II?.(ZG)ds=HI?.(V¢)dv
S \Y

Taking ¢ outside the integrals , we get

I s oo
[ 95 [[foe

38. Evaluate _[ _|' xdydz+ ydzdx+zdxdy over the region of radius a.
S

H xdydz+ ydzdx+ zdxdy = Ijj[a(x) o) + a(gzz)}dxdydz

=IJ (1+ 1+ 1)dxdydz
-fffov-o
= 3[%%13} =47’

39. State Green’s theorem in the plane
If R isa closed region of the xy-plane bounded by a simple closed
curve C and if M and N are continuous derivatives in R, then
J‘de+ Ndy = H(a—N—a—M xdy Where C is travelled in the anti-

clockwise direction.

40. Using Green’s theorem , prove that the area enclosed by a simple
closed curve C
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: 1
IS Ej(xdy— ydx)dxdy .

consider By Green’s theorem,

Ide+ Ndy=”(g—')\(l—%vl XY eeeennennnns (1)
R

i 1 _ =Xy Y ax= = Yax+ X
Consider Zj(xdy ydx)dxdy_J‘Edy 2o|x_j Jax+ 2 dy

' __Y.n2X
[since, m= 2,,N_2]
y X .o 1 1
From (1), J‘_Ed”Edy_LﬂE_(_EﬂdXdy

- J' _[ dxdy=Area bounded by a closed curve ‘C’
R

41. State Stoke’s theorem.

If £ isany continuous differentiable vector function and Sis a

surface enclosed by a curve C then, [Fdr =[fourl F.nds where n is the
C S

unit normal vector at any point of S.
42. 1f F = (y2cosx+122) i +(2ysinx—4) j+ 3x22k ,find its scalar potential.

To find gsuch that F = gradg

(y?cosx + 22)_i)+ (2ysinx —4)_j)+ ax2k=122 T%+ P
ox oy oz
Integrating the equations partially w.r.to x,y,z respectively.
¢ =y?sinx+x2°+ f,(y,2)
¢ =y?sinx—4y+ f,(x,2)
=2 xz®+ f5(y,z

Therefore ¢ = y?sinx+ xz* —4y+cis a scalar potential.
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