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DECIMATION & INTERPOLATION
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* Downsampling or decimation is the process of reducing the sampling rate by an

integer factor D

 Upsampling or interpolation is the process of increasing the sampling rate by an

integer factor I

* Advantages of Multirate Processing:

1. The reduction in number of computations

2. The reduction in memory requirement (or storage) for filter coefficients and
intermediate results

3. The reduction in the order of the system

4. The finite word length effects are reduced
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UPSAMPLING (OR) INTERPOLATION

IS TOLTE
* Upsampling (or Interpolation) is the process of increasing the samples of
the discrete time signal

* Let, x(n) = Discrete time signal

* [ = Sampling rate multiplication factor (and I is an integer)

* Now, x(n/I) = Upsampled version of x(n)

* The device which performs the process of upsampling is called a upsampler

y(n) = {-’})

(or interpolator)

* The upsampler can be represented as

x(n) N
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EXAMPLE

LLTTITITIONS
Consider the discrete time signal,

x(n)={1, 2, 3,4}

Determine the upsampled version of the signals for the sampling rate multiplication factor,
a)I=2 b)I=3 ¢)I=4

Solution
Given that,

x(n)={1, 2, 3, 4}
T

. Whenn=0, x(n)=x(0)=1
Whenn=1, x(n)=x(1)=2
Whenn=2, x(n)=x(2)=3
Whenn=3, x(n)=x(3)=4
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EXAMPLE

LLTTITITIONS

a) Sampling rate multiplication factor, 1 = 2.

ed by multiplication factor 2.

Now, X[LI'-) = X(%) = Discrete time signal interpolat

Let, x(%) = xlz(n)
. Whenn=0, x,(n) =x,(0) = %) = x(0) =1
=0 Whenn=5, x,(n)= X,(5) = X(—:-) =x(2.5)=0

Whenn=1, x,(n) = x,(1)= X(-;—) =x(0.5)

When n=2, x,(n)= x,,(2) =X

Whenn=3, x,(n)= x,(3) = X(%) =x(1.5)=0

< x(2) = xpaln) = { % 0,2, 0,3, 0, 4, 0}
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EXAMPLE

LLTTITOTIONS
b) Sampling rate multiplication factor, I = 3.

Now, x(%) = x(%) — Discrete time signal interpolated by multiplication factor 3.

Let, x(g) = X;3(n)

When n =0, x,(n) =x,(0)= X(%) = x(0) =1 When n = 6, x,(n) =x,(6) = (g—) = x(2) =3
Whenn=1, x,(n)=x,,(1)= X(%) =x(0.3)=0 Whenn=7, x,(n) =x,(7) = x(%) =x(2.3)=0
When n =2, x,(n) =x,,(2) =x(%) =x(0.7)=0 When n=8, x,(n) =x,8) =x(2) =x(2.7)=0
When n =3, x,(n) =x,3) =x(3) = x(1) =2 - _ 9 =
X, . 3 Whenn=9, x,(n) =x,(9) = X(;) = x(3) =
When n=4, XB(D) = Xl3(4) = X(%) =x(1.3)=0 Whenn=1 0, xn(n) = XB(I 0) = x(.%(l) =x(3.3)= 0
Whenn=5, x(n) =x,(5)=x(3) =x(1.7)=0 When n =11, x,(n) =x,(11) =x(1!) =x(3.7)=0

. x(g)=x,3(n)= { ; 0,0 20,0, 3,0,0, 4, 0, 0}
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EXAMPLE

c) Sampling rate multiplication factor, I = 4.

ULTTITITIONS

Now, X(T) = x(%) = Discrete time signal interpolated by multiplication factor 4.

Let, X(%) = X]4(n)

. whenn =0, X, (M =x,(0)=x(%) = x(0) =1 | Whenn=8, xm=x,8 =x(2) = x2) -3
whenn=1, X, (M) =x,(1)=x(]) =x(0.25)=0 | Whenn=9, x (n=x (9) - D) —x225) =0
when n=2, x,(n)=x_(2) = X(%) = x(0.5) =0 When n =10, x,(n)=x_(10) =x 170) = x(2.5) =
When n =3, X, () =x,3)=X(}) =x(0.75)=0 | Whenn=11, x,(n=x,,11)=x(2) =x2.75)—0
Whenn=4, x,(n)=x_(4) = x(%) = x(1) = 2 Whenn=12, x,(n)=x_(12) = x('Tz) = x(3) =4
When n=35, x,(n) =x,(5)= X(é) =x(1.25)=0 Whenn=13, x, (n)=x,(13)= x(lg) =x(3.25)=0
When n =6, x,(n) =x,,(6)=X(2) = x(1.5) =0 When n = 14, x,(n) = x,,(14) =x(12) = x(3.5) =
Whenn=7, x, (N =x,7)=X(]) =x(1.75)=0 | Whenn=15, x,(n) =x,(15) =x(12) =x(3.75) =0

. x(2)=xn,m={1,0,00, 2 0,0, 0, 3, 0, 0, 0, 4, 0, 0, 0}
T
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EXAMPLE

LLTTITITIOS

Consider the discrete time signal shown in fig 1. Sketch the upsampled
version of the signals for the sampling rate multiplication factor,a) I=2 b) I1=3.

Solution

From fig 1, we can write the samples of given sequence as shown below.
x(n)={1,-1,2, -2}

A x(n)

. Whenn=0, x(n)=x(0)= 1 1 2,
Whenn=1, x(n)=x(1)=-1 " 1[ 1 — —»n
Whenn=2, x(n)=x(2)= 2 -1 ]_2

When n =3, x(n)=x(3)=-2

Fig 1.
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EXAMPLE

LLTTITITIOS

E)_SE_El_I_{l_i_I]g;ruie multiplication factor, I = 2.

Now, X(%) = X(%) = Discrete time signal interpolated by multiplication factor 2.
Let, x[%) = Xy, (n)

. Whenn=0, x (mM=x,0=x2) =x0) = 1 | Whenn=4, x(n)=x,)=X3) = x2) = 2

wx™=x,m={10 -1,020 -2,0f (1)
(,) . {T _
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b) Sampling rate multiplication factor, I = 3.

I 3

EXAMPLE

LITTITITIONS

Now, X(E) = X(E) — Discrete time signal interpolated by multiplication factor 3.

Let, x(%) = X3(n)

When n =0, x,(n) =x,(0)=x(2) = x(0) =1 Whenn=6, x (n) = x,(6) = X(3) = x(2) =2
When n =1, x,(n) =x,(1)=x(1) =x(0.3)=0 Whenn=7, x (n) = x,(7) = X(Z) =x(2.3)=0
When n = 2, x,(n) =x,,(2) =x(2) =x(0.7)=0 Whenn=8, x,(n) = x,8) = x(2) =x(2.7) =0
When n =3, x,(n) =x,3)=x(2) = x(1) =-1 Whenn=9, x,(n) = x,(9) = x(3) = x(3) =-2
When n =4, x,(n) =x,(4) =x(2) =x(1.3)=0 When n =10, x,(n) = x,,(10) = x(12) = x(3.3) =0
Whenn =5, x,(n) =x,(5)=x(3) =x(1.7)=0 When n=11, x,(m)=x,(11)=x(1) =x(3.7)=0
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EXAMPLE

LLTTITITION S

Samples of sequence X(n) interpolated by 2 X(n) interpolated by 3
A _ . [n A
X(n)‘ xl2(n) "12 (n) = X(-z') xl](n) xw(n) - X(%)
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SPECTRUM OF UPSAMPLER

* Let x(n) be an input signal to the upsampler and y(n) be the output signal
* Letx(n/I) be the upsampled version of x(n) by an integer factor I

y(n) =x(n/I)

* By definition of Z-transform, y(n) can be expressed as

Y(z) = Z y(n) zn

n= —ap

Il
M
A2
-2
—
N,
=

n=—oo On substituting y(n) = x(-;l) from equation
R~ n
- Z x(m) z~mI Let, m=- = n = ml
m = —oo when n = —Q0, m = —co
< when n = +4o0 m = +o0
= 2 x(myz ’

Let, m — n
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SPECTRUM OF UPSAMPLER

LLTTITITION S

Y(E®)=X(E") @ Y@=X(zD

(n) v = () v = x(})
X\n
x(n

o e (Y] -

(e ) jool X(Z) ' 1

Y(e") = X(e™ Y(2) = X(2)
Frequency Domain Representation Z-Domain Representation of
of upsampler upsampler
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ANTI-IMAGING FILTER

LLTTTTITION S
* The output spectrum of interpolator is compressed version of the input spectrum,

Therefore, the spectrum of upsampled signal has multiple images in the period of 21

* When upsampled by a factor of I, the output spectrum will have I images in a period of
2™, with each image bandlimited to /I. Since the frequency spectrum in the range 0 to
1t/I are unique, we have to filter the other images

* Hence the output of upsampler is passed through a lowpass filter with a bandwidth of

/I . Since this lowpass filter is designed to avoid multiple images in the output

spectrum, it is called anti-imaging filter Anti-imaging
Upsampler filter

X(n) . v(n) - Y(n)
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1. Define multirate DSP.

2. The discrete time systems that employ sampling rate conversion while

processing the discrete time signals are called -----=----======----
3. What is meant by sampling rate conversion.
4. List the two ways for sampling rate conversion in the digital domain
5. What is meant by downsampling and upsampling?
6. What are the advantages of multirate Processing?

7. Define anti-imaging filter.
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