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UNIT-4 COMPLEX INTEGRATION Laurent Series
J.aurent’s series:

Let C; and C; be two concentric circles |-7 - al = R, and

|Z - a| = Rz whereR,<R,.Let {(z) be analytic on C, and C; and in the annular

region R between them. Then, for any point z in R,

- - b
(=D a(z—a) +> ——

n=0 n=1 (Z - a)”
where

o= I.J S(2) ]
27mC (z—a)"”

<1

_ 1 J(2)
and b”_ 2721'."

(z—a)"™

€2
The integrals being taken in the anticlockwise direction.
Note:

In Laurent’s series of f(z) , the terms containing positive powers is called regular
part and the terms containing negative powers is called principle part.

Solved Problems:

1.Expand / (2) = s izz)_(j T1) inLaurent’s series if (i) <2 G
|z|>3 (iii) 2<|z|<3 (iv) l<|z+l|<3
Solution:
Consider
7z-2 A B C

()= =

_ +
z(z=-2)(z+1) =z z-2 =z+1
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UNIT-4 COMPLEX INTEGRATION Laurent Series

T7z—2=A(z-2)z+1)+Bz(z+ 1)+ Cz(z—-2)
Put z=2 in (1),
72)—2=A4A0)+ B2)2+1)+ C0)

........ (1)

B=2
Put z=-1in (1),

7(=1) =2 = A(0) + B(0) + C(=1)(=1—2)
S C=-3

Put z=0 1n (1),

7(0) =2 = A0 — 2) + B(0) + C(0)

SoA=1
7z—2 1 2 -3
_ —+ +
z(z=2)z+1) =z z—-2 z+1
(i)|Z|<2
7z-2 i 2 3

2(2_2)(Z+1):z 2[;_1) z+1

_1_ (1 _gj ~3(1+2)"

z
1 z z)

= — l+—+[—) 4o —30—z+z"—..)
z 2 2
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UNIT-4 COMPLEX INTEGRATION Laurent Series
(i1) |z| > 3
7z-2 1, 2 - 3 1
z(z=2)z+1) * Z[l_] Z(H]
z Z

-1 -1
_1.2 1_2] _E(HL]
z z z z z

1 2 2 (2 3 11
=—+—|l+=+|=| +.|—=|1-——+——...
z =z z z z z z

(iii) 2 < |Z| <3

Tz—2 | 2 3

=+
z(z—=2)(z+1) =z 2[1_2] Z[l+l)

—1 —1
:L+%G_2J _é@+i]

~ ot
pe a\ — e

1 2( 2 (2V 3 1 1
S S R (0 [ B U S

\

v l<|z+1<3
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UNIT-4 COMPLEX INTEGRATION Laurent Series
7z-2 1 2 -3
Tt 5T 2)
z(z=2)(z+l) z z-2 z+1 -
Let I =Z+ 1
= z=1-1

Given condition: | < |Z +1| <3=> 1< |f| <3

Tz=2 | 2 3

_ +
z(z=2)(z+1) -1 -3 ¢
1 2 3

+

1 1 ] 2 z+1 (zﬂjz 3
= 1+ + T el I + +o. =
z+1 z+1 (z+1) 3 3 3 z+1

|

(z+2)(z +3)

2.Expand f(z)= in a Laurent’s series if (1) 2< |3| <3 (11)

|z|>3
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UNIT-4 COMPLEX INTEGRATION Laurent Series

Solution:

z- =1
Simplity S(2) = (z+2)(z +3) using long division, we get

2

z- =1 —5z-7
f(2)= —1+—
(z+2)(=z+3) z-+5z+6
5z+7
=1-—
z°+5z+6
5z+7 5z+7 A B
Consider

= = +
z24+5z4+6 (z+2)(z+3) z+2 z+3
S5z4+7=A(z+3)+B(z+2)

Put z=-3 1n (1),
5(—3)+7 = A(=3+3)+ B(=3 +2)
. B =-—8

...... @9)

Put z=-2in (1),

5(—2)+7 = A(-2 +3) + B(-2+2)

~A=3
z-—1 s :52—7 s 3 _ 8 (2)
(z+2)(z+3) z°+35z+6 z+2 z+4+3

(i)2<|z|<3
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22 -1 3 8
13 =1+ > .
(z+2)z+3) z(l+—] 3(%“)

8]
[§]
I
[E—
)
oo

22 -1 3(, 2Y 8(, 3)
=l+—|1+—| ——|1+~=
(z+2)(z+3) z z z z

3 3
=1+—(1—3+4+ )—ﬁ(l——+i+ ]

z z z
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