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Puzzles / In Class Activities

Topics Covered:  Shannon’s Theorem
Puzzle 1: The 12 Coins and the Balance Scale

This is a legendary puzzle that directly demonstrates Shannon's concept of Entropy. Information is measured in "bits" (binary choices), but when using a balance scale, you have three possible outcomes (left heavy, right heavy, or balanced). This means each weighing can provide up to 1 trit ($\log_2 3 \approx 1.58$ bits) of information.

The Challenge

You have 12 identical-looking coins. One of them is counterfeit and has a different weight (it could be heavier or lighter, you don't know). You have a standard balance scale.
What is the minimum number of weighings required to identify the fake coin and determine whether it is heavier or lighter?
The Solution: 3 Weighings

Shannon's theory tells us why 3 is the absolute minimum. There are 12 coins, and each could be heavy or light, meaning there are $12 \times 2 = 24$ possible states we need to resolve.

Three weighings on a 3-outcome scale can yield a maximum of $3^3 = 27$ unique outcomes.

Because $27 \ge 24$, a 3-weighing solution is theoretically possible.

Here is how you do it:

Weighing 1: Divide the coins into three groups of four. Weigh {1, 2, 3, 4} against {5, 6, 7, 8}.

Case A: They balance. The fake is in {9, 10, 11, 12}.

Case B: {1, 2, 3, 4} is heavier. {5, 6, 7, 8} is lighter. (Or vice versa).

Weighing 2: * If Case A: Weigh {9, 10} against {11, 8} (we know 8 is a good coin).

If they balance, 12 is fake. Weigh 12 against 8 to see if it's heavy or light.

If {9, 10} is heavier, either 9 or 10 is heavy, or 11 is light.

If Case B: Weigh {1, 2, 5} against {3, 6, 8} (8 is a known good coin). This mixes the known "heavy suspects" and "light suspects" to isolate the information.

Weighing 3: Based on the results of Weighing 2, you narrow it down to a single comparison (e.g., weighing 1 against 2) which reveals the exact counterfeit coin and its weight properties.

Puzzle 2: The Muddy Children (The Logic of Noisy Channels)

This puzzle highlights Mutual Information and how receiving "zero" physical data can actually transmit massive amounts of information if the structure of the channel is understood.

The Challenge

A group of 3 children are playing outside and some get mud on their foreheads. They can see everyone else's forehead, but not their own.
Their father walks up and says, "At least one of you has a muddy forehead." (This seems redundant, as they can all see at least one muddy face already).
The father then asks: "Does anyone know for sure if they have a muddy forehead?" He asks this repeatedly.
Assuming all 3 children actually have muddy foreheads and are perfectly logical, what happens?
The Solution

Nobody answers on the first two rounds, but on the third round, all three children simultaneously shout "Yes!"
How Shannon's Theory Explains It

The father’s first statement ("At least one of you has mud") seemed to contain zero new information because everyone already knew it. However, it established a baseline of Common Knowledge—reducing the overall uncertainty (entropy) of the system.

Let's break down the rounds:

Round 1: If only one child had mud, that child would look around, see two clean faces, and immediately say "Yes" on the first round. Because everyone stays silent, the channel communicates a message: More than one person has mud.
Round 2: If only two children had mud, they would each think: "If the other guy only saw clean faces, he would have stepped forward in Round 1. Since he didn't, he must be seeing mud on me." Both would step forward. Because everyone stays silent again, the channel communicates: More than two people have mud.
Round 3: Since 3 children have mud, they all realize simultaneously that the silence of the first two rounds has eliminated all other mathematical possibilities. The entropy drops to 0, and they all know they are muddy.

Which of these two angles of Information Theory—the mathematical limit of searching (Puzzle 1) or the communication of logic over steps (Puzzle 2)—do you find more interesting for your Unit I studies?


